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Abstract 



Consider a Hamiltonian action of a compact connected Lie group on a symplec- 
tic manifold (M,u>). Conjecturally, under suitable assumptions there exists a mor- 
phism of cohomological field theories from the equivariant Gromov-Witten theory 
of [M, ui) to the Gromov-Witten theory of the symplectic quotient. The morphism 
should be a deformation of the Kirwan map. The idea, due to D. A. Salamon, is 
to define such a deformation by counting gauge equivalence classes of symplectic 
vortices over the complex plane C. 

The present memoir is part of a project whose goal is to make this definition 
rigorous. Its main results deal with the symplectically aspherical case. The first 
one states that every sequence of equivalence classes of vortices over the plane has 
a subsequence that converges to a new type of genus zero stable map, provided 
that the energies of the vortices are uniformly bounded. Such a stable map consists 
of equivalence classes of vortices over the plane and holomorphic spheres in the 
symplectic quotient. The second main result is that the vertical differential of the 
vortex equations over the plane (at the level of gauge equivalence) is a Fredholm 
operator of a specified index. 

Potentially the quantum Kirwan map can be used to compute the quantum 
cohomology of symplectic quotients. 
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CHAPTER 1 



Motivation and main results 

1.1. Quantum deformations of the Kirwan map 

Let (M, uS) be a symplectic manifold without boundary, and G a compact con- 
nected Lie group with Lie algebra g. We fix a Hamiltonian action of G on M and 
an (equivariant) momentum mapQ /u : M — > Q*. Throughout this memoir, we make 
the following standing assumption: 

Hypothesis (H): G acts freely on /i _1 (0) and the momentum map \x is proper. 

Then the symplectic quotient (M := /i _1 (0)/G, ZU) is well-defined, smooth and 
closed (i.e., compact and without boundary). The Kirwan map is a canonical ring 
homomorphism 

k : Hq{M) -> H*(M). 
Here H* and Hq denote cohomology and equivariant cohomology with rational 
coefficients, and the product structures are the cup products. F. Kirwan proved 
Kir that this map is surjective. Based on this result, the cohomology ring H*(M) 
was described in different ways by L. C. Jeffrey and F. Kirwan [JKl Theorem 8.1], 
S. Tolman and J. Weitsman |TW| Theorem 1], and many others. 

The present memoir is concerned with the problem of "quantizing" the Kir- 
wan map, which was first investigated by R. Gaio and D. A. Salamon. Assuming 
symplectic asphericity and some other restrictive conditions, in [GS, Corollary A'] 
these authors constructed a ring homomorphism from Hq (M) to the (small) quan- 
tum cohomology of (M,uj), which intertwines the Gromov-Witten invariants of the 
symplectic quotient with the symplectic vortex invariants. Their result is based on 
an adiabatic limit in the symplectic vortex equations. It was used by K. Cieliebak 
and D. A. Salamon in CS, Theorem 1.3] to prove that given a monotone linear 
symplectic torus action on R 2n with minimal first equivariant Chern number at 
least 2, the quantum cohomology of (M,uJ) is isomorphic to the Batyrev ring. 

The result by Gaio and Salamon motivates the following conjecture. We denote 
by QHq(M, w) the equivariant quantum cohomology. By this we mean the Q- vector 
space of all maps a : H§{M, Z) — > H G (M) satisfying an equivariant version of the 
Novikov condition, together with a product counting holomorphic maps from S* 2 
to the fibers of the Borel construction for the action of G on The Novikov 

condition states that for every number C £ M there are only finitely many classes 
B e iJ 2 G (A/, Z), such that a(B) ^ and ([w - /i], B) < C. Here [u> - fi] € H%,(M) 
denotes the cohomology class of the two-cocycle ui — fi in the Cartan model. 

^Momentum maps are often called moment maps by symplectic geometers. However, the 
first term seems more appropriate, since the notion generalizes the linear and angular momenta 
appearing in classical mechanics. 

2 For the definition of this product see |Gil IGiKl IKiml ILul IRu| . 
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1. MOTIVATION AND MAIN RESULTS 



The space QHg(Af, uj) is naturally a module over the equivariant Novikov ring 
A^Q We denote by QH* (Af, uj) the quantum cohomology of (Af , uJ) with coefficients 
in this ring. A map 

(1.1) ip : H?(M,Z) -> Hoitiq (H g (M),H*(M)) 

satisfying the equivariant Novikov conditional, induces a A^-module homomorphism 

(1.2) ip, : QH£(Af,w) -> QH*(M,w), (<p*a)(B) :=^2<p(Bi)a(B 2 ), 

where the sum is over all pairs Bi,B 2 £ H§ (Af , Z) satisfying B x + B 2 = B. We 
denote by cf (Af, uj) £ H G (M,Z) the first G-equivariant Chern class of (TM,u), 
and by 

(1.3) N := inf ({(cf (M,uj),B) \ B £ H§{M,Z) : spherical} n N) € NU {oo}0 

the minimal equivariant Chern number. We call (M,u>,fi) semipositive iff there 
exists a constant c£R such that 

([(j-^,B) = c(cf(M,<j),B), 
for every spherical class B £ H§(M, Z), and if c < then N > | dim Af . 

1. Conjecture (Quantum Kirwan map, semipositive case). Assume that (H) 
holds and that (Af, uj, fi) is convex at oo [] and semipositive. Then there exists 
a map ip as in (|l.ll) . satisfying the equivariant Novikov condition, such that the 
induced map tp* as in (|1.2[) is a surjective ring homomorphism, and 

(1.4) ¥>(0) = «, 

(1.5) ([u-fi],B)<0, B^O <p(B)=0. 

Once proven, this conjecture will give rise to a recursion formula for QH* (Af , uJ) 
in terms of QH*j(Af, uj) and ^0 As noticed in |NWZj . without the semipositivity 
condition, the conjecture likely needs to be modified as follows: 

2. Conjecture (Quantum Kirwan map, general situation). Assume that (H) 
holds, and that (Af, u),(i) is convex at oo. Then there exists a morphism of coho- 
mological field theories (CohFT's) from the equivariant Gromov-Witten theory of 
(Af, w) to the Gromov-Witten theory of (Af,cJ). 

For the notion of a morphism between two CohFT's V and W see |NWZ| . 
Such a morphism consists of a sequence of S^-invariant multilinear maps 

ip n : V xn x ff*(M„,i(A)) -> W, n£ N :=NU{0}, 



^This ring consists of all maps A : H!f(M,Z) —>■ Q satisfying an equivariant version of the 
Novikov condition, analogous to the one above. The product is given by convolution. 
^This condition is analogous to the one above. 
^ In this memoir N := {1, 2, . . .} does not include 0. 

^This means that there exists an aj-compatible and G-invariant almost complex structure J 
on M, such that the quadruple (M, u, /z, J) is convex at oo in the sense explained before Theorem 
[3] below. 

^The recursion is over the set 

k 



k e N U {0}, Bi e H§{M, 1) : tp(Bi) ^ or GWg. ^ 0, i = 1, . . . , k 



where GWg. denotes the 3-point genus equivariant Gromov-Witten invariant of (Af, u>) in the 
class Bi. 
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satisfying relations involving the composition maps of V and W. Here M nj i(A) 
denotes the moduli space of stable n-marked scaled lines. Furthermore, the action 
of the symmetric group S n is by permutations of the first n arguments of tjj n . The 
map ip 1 plays the role of as in Conjecture [TJ The map ip° measures how much 
ip 1 fails to be a ring homomorphism. Once proven, Conjecture [2] will give rise to 
a recursion formula for the Gromov-Witten invariants of (M, 57) in terms of the 
equivariant Gromov-Witten invariants of (M, w) and the morphism (ip n ) n . 

The present memoir is part of a project whose goal is to prove Conjectures [1] 
and En The approach pursued here was suggested by D. A. Salamon@ The idea is 
to construct the maps of the conjectures by counting symplectic vortices over the 
complex plane C. In a first step, we will consider the (symplectically) aspherical 
case. This means that 

(1.6) / u*lo = 0, yueC°°{S 2 ,M). 

Js 2 

In this case the equivariant quantum cup product is induced by the ordinary cup 
product on Hq{M). 

1.2. Symplectic vortices, idea of the proof of existence of a quantum 

Kirwan map 

To explain the idea of the proofs of Conjectures Q] and [2j we recall the symplec- 
tic vortex equations: Let J be an w-compatible and G-invariant almost complex 
structure on M, (-,-) fl an invariant inner product on g, (£,j) a Riemann surface, 
and ujy, a compatible area form on E0 For every smooth (principal) G-bundlc P 
over £ we denote by A(P) the affinc space of smooth connection one-forms on P, 
and by Gj2P(P, M) the set of smooth equivariant maps from P to M. Consider the 
class 

(1.7) B := £? s := {w := {P, A,u)\P smooth G-bundle over E, 

AeA{P), ueC%(P,M)}. 
The symplectic vortex equations are the equations 

(1.8) 5j, A (u) = 0, 

(1.9) F A + (/" o u)w s = 

for a triple (P, A, u) £ B. To explain these conditions, note that the pullback bundle 
u*TM -> P descends to a complex vector bundle (u*TM)/G -> £0 For every 
x £ M we denote by L x : g —> T X M the infinitesimal action, corresponding to 
the action of G on M. With this notation, dj t A{u) means the complex antilinear 
part of <1au '■= du + L U A, which we think of as a one-form on E with values in 
{u*TM)/G — > E. In (|1.9p we view the curvature Fa of A as a two-form on E with 
values in the adjoint bundle qp := (P x g)/G — > E0- Furthermore, identifying g* 
with g via (•, -) B , we view fi o u as a section of Qp. The vortex equations (|1.8I1.9[) 
were discovered by K. Cieliebak, A. R. Gaio, and D. A. Salamon CGS , and 



Further relevant results will appear elsewhere, including [Zi4l IZi5| . 
^Private communication. 

10 This means that j and u>y, determine the same orientation of S. 

l^The complex structure on this bundle is induced by the almost complex structure J. 
12 Here G acts on g in the adjoint way. 
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independently by I. Mundet i Riera |Mul|, IMu2j 3 A solution of these equations 
is called a (symplectic) vortex. 

Two elements w,w' € B are called (gauge) equivalent iff there exists an iso- 
morphism <I> : P' — > P of smooth G-bundles (which descends to the identity on E), 
such that 

:= (iod$, U o$) = (A',u'). 
In this case we write w ~ iu' . We define 

(1.10) B:=B E :=B/~. 

The equations (|1.8|1.9j) are invariant under equivalence. We call an element W £ B 
a vortex class iff it consists of vortices. We define the energy density of a class 
W e B to be 

(1.11) e w := e w := U\d A u\ 2 + \F A \ 2 + |/x ° u| 2 ), 



where u; := (P, A, it) is any representative of W . Here the norms are induced by the 
Riemannian metrics u>s(-,j-) on E and w(-, </•) on Af, and by (•, -) g . This definition 
does not depend on the choice of w. Vortex classes are absolute minimizers of the 
(Yang-Mills-Higgs) energy functional 

(1.12) E:B4 [0,oo], E{W) := [ e w w s 

in a given second equivariant homology class0 We define the image of a class 
W € 2? to be the set of orbits of u(P), where (P, A, u) is any representative of W. 
This is a subset of the orbit space M/G. 

Consider now the complex plane E := C, equipped with the standard area form 
ujc := ujo [3 Let W <G Be be a vortex class of finite energy, such that the image 
of W has compact closur^H- Then W naturally carries an equivariant homology 
class [W] e P 2 G (M,Z). (See SectionO) Let B e H§ (M,Z). We denote by M s 
the set of vortex classes representing the class P, and by EG — > BG a universal 
G-bundle. There are natural evaluation maps 

ev* : Mb -+ (M x EG)/G, ev^ : .M B ^ I? 

at z € C and oo € C U {oo}0 We denote by PD : P»(M) -> H*(M) the Poincare 
duality map. To prove Conjecture [1] heuristically, we define 

(1.13) <p : fff (M,Z) -> HoniQ (H* G {M) , H* (M)) , 

(1.14) (<f(B)a,b) := f ev* a - ev^PD(6), 



SCC acting on M := C by multiplication, and S := C, the corresponding 
energy functional was introduced previously by V. L. Ginzburg and L. D. Landau |GL| , in order 
to model superconductivity. More generally, in the case M := C n and G a closed subgroup of 
Vt(n), the functional appeared in physics in the context of gauged linear sigma models, starting 
with the work of E. Witten |Wi| . 

^See |CGSI Proposition 3.1]. Here we assume that S is closed, and vortices in the given 
homology class exist. 

*~In this case a vortex may be viewed as a map (3>, : C — > g X g X M, see Remark [B] 

below. 

^with respect to the quotient topology on M/G 
17 See [ZTfllZl4l and Section [27T1 
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for B £ H§{M,Z), a € H%{M), and b G H*(M). Under the hypotheses of 
Conjecture [TJ this map is "morally" well-defined and satisfies the conditions of 
the conjecture: If J is chosen as in the definition of convexity below, then there 
exists a compact subset of M/G containing the image of every finite energy vortex 
class W £ Be whose image has compact closure. This ensures that for every 
B E H% (M, Z) , the space M. b can be compactified by including holomorphic 
spheres in M and in the fibers of the Borel construction (M x EG)/G. In the 
transverse case, it follows that the "boundary" of A4b has codimension at least 2. 
This makes the map (p "well-defined" . It satisfies the equivariant Novikov condition 
as a consequence of the compactification argument, conservation of the equivariant 
homology class in the limit (see [ZilL IZi4j ). and the identity 

E(W) = ([lj-i4,[W}). 

This holds for every vortex class W £ Be of finite energy, such that the image of 
W has compact closure^ The identity also implies conditions f)l .41 1 . 5[) . 

The ring homomorphism property for the induced map Qk := (p* follows from 
an argument involving two marked points on the plane C that either move together 
or infinitely apart. The semipositivity assumption ensures that in the limit there 
is no bubbling of vortex classes over C without marked points. In contrast with 
holomorphic planes, such vortex classes may occur in stable maps in top dimensional 
strata, even in the transverse case. This is due to the fact that vortices over C 
"should not be rotated" , which is explained below. 

Surjectivity of Qk will be a consequence of surjectivity of the Kirwan map k, 
and the equivariant Novikov property. The idea of the proof of Conjecture [2] is to 
define Qk 1 := Qk as above, and for general n € No, Qk™ in a similar way, using n 
marked points. The map Qk° counts vortex classes over C without marked points. 

The "quantum Kirwan morphism" (QK n )„ e rj wm intertwine the genus sym- 
plectic vortex invariants with the Gromov-Witten invariants of (M,ZU). This will 
follow from a bubbling argument for a sequence of vortex classes over the sphere 
S , equipped with an area form that converges to oo 

The goal of the present memoir is to establish bubbling (i.e., "compactifica- 
tion") and Fredholm results for vortices over C in the aspherical case. Together 
with a transversality result (see [Zi5] ). the Fredholm result will provide a natural 
structure of an oriented manifold on the set A4 b- Furthermore, the bubbling result 
will imply that the map 

(ev ,evoo) :M B ^(Mx EG)/G x M 

is a pseudocvcld^l.Ttiis will give a rigorous meaning to the integral (I1.14[) . The ring 
homomorphism property and the relations defining a morphism of CohFT's will be 
a consequence of the bubbling result and a suitable gluing result. 



l^The equality follows from ICGSI Proposition 3.1] with E := S 2 = CU{oo} and a smoothen- 
ing argument at oo. 

^This corresponds to the adiabatic limit studied by Gaio and Salamon in |GS) . The new 
feature here is that in the limit, vortex classes over C may bubble off. 
20 as defined in [MS2I Definition 6.5.1] 
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1.3. Bubbling for vortices over the plane 

To explain the first main result of this memoir, we assume that (M, uS) is 
aspherical, i.e., condition (ll.6[) is satisfied^ We denote by 

(1.15) M := {(P,A,u) £ B c \ $U$llM}, M:=M/~ 

the class of all vortices over C and the set of eq uivalence classes of such vortices. The 
latter is equipped with a natural topologyo Consider the subspace of all classes 
in M. with fixed finite energy E > 0. There are three sources of non-compactness 
of this space: Consider a sequence W v £ M, v £ N, of classes of energy E. In the 
limit v oo, the following scenarios (and combinations) may occur: 

Case 1. The energy density of W v blows up at some point in C. 

Case 2. There exists a number r > and a sequence of points z u € C that con- 
verges to oo, such that the energy density of W v on the ball B r (z v ) is bounded 
above and below by some fixed positive constants. 

Case 3. The energy densities converge to 0, i.e., the energy is spread out more and 
more. 

In case 1, by rescaling W v around the bubbling point, in the limit v — > oo, 
we obtain a non-constant J-holomorphic map from C to M. Using removal of 
singularity, this is excluded by the asphericity condition. In case 2, we pull W u 
back by the translation z4 z + z v , and in the limit v — > oo, obtain a vortex class 
over C. Finally, in case 3, we "zoom out" more and more. In the limit v — > oo and 
after removing the singularity at oo, we obtain a pseudo-holomorphic map from S 2 
to the symplectic quotient M — [i~ 1 (0)/G. 

Hence in the limit, passing to a subsequence, we expect W v to converge to a new 
sort of stable map, which consists of vortex classes over C and pseudo-holomorphic 
spheres in M. Here an important difference to Gromov-convergence for pseudo- 
holomorphic maps is the following: Although the vortex equations are invariant 
under all orientation preserving isometries of E, only translations on C should be 
allowed as reparametrizations used to obtain a vortex class over C in the limit. 
Hence we should disregard some symmetries of the equations. The reasons are that 
otherwise the reparametrization group does not always act with finite isotropy on 
the set of simple stable maps, and that there is no suitable evaluation map on the 
set of vortex classes, which is invariant under rotation^ 

We are now ready to formulate the first main result. Here we say that (M, lj, fi, J) 
is convex at oo iff there exists a proper G-invariant function / £ C°°{M, [0, oo)) 
and a constant C £ [0,oo), such that 

w(V„V/(a;), Jv) - w(Vj„V/(a;), v) > 0, df{x)JL xi x{x) > 0, 

for every x £ / _1 ([C, oo)) and / u 6 T X M. Here V denotes the Levi-Civita 
connection of the metric </•). This condition reduces to the existence of a 



The general situation is discussed in Remark 1171 in Section |2. II 
It is induced by the C°°-topology on compact subsets of C. 
'See Remarks l22l and l33l in Sections RQ1 and RQ1 
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plurisubharmonic function in the case in which G is trivial. It is satisfied e.g. if M 
is closed, and for linear actions on symplectic vector spaces 

3. Theorem (Bubbling). Assume that hypothesis (H) is satisfied, (M,lj) is 
aspherical, and (M, w, jU, J) is convex at oo. Let k £ No, and for v £ N let W v £ M 
be a vortex class and Zy,...,z% £ C be points. Suppose that the closure of the 
image of each W v is compact, and 

E{W V ) > 0, Vv £ N, supS(M^) < oo. 

Then there exists a subsequence of (W u ,Zq := oo, z", ...,z%) that converges to 
some genus stable map (W, z) consisting of vortex classes over C and pseudo- 
holomorphic spheres in M, with k + 1 marked points. (See Definitions [15] and [20] 
in Chapter l2ri ) 

The proof of this result combines Gromov compactness for pseudo-holomorphic 
maps with Uhlenbeck compactness. It relies on work [CGMSjlGS] by K. Cieliebak, 
R. Gaio, I. Mundet i Riera, and D. A. Salamon. The idea is the following. In order 
to capture all the energy, we "zoom out rapidly", i.e., rescale the vortices so much 
that the energies of the rescaled vortices are concentrated near the origin in C. 
Now we "zoom back in" in such a way that we capture the first bubble, which may 
either be a vortex class over C or a J-holomorphic sphere in M. In the first case 
we are done. In the second case we "zoom in" further, to obtain a finite number of 
vortices and spheres that are attached to the first bubble. Iterating this procedure, 
we construct the limit stable map. 

The proof involves generalizations of results for pseudo-holomorphic maps to 
vortices: a bound on the energy density of a vortex, quantization of energy, com- 
pactness with bounded derivatives, and hard and soft rescaling. The proof that 
the bubbles connect and no energy is lost between them, uses an isoperimetric in- 
equality for the invariant symplectic action functional, proved in [Zi2j . based on a 
version of the inequality by R. Gaio and D. A. Salamon |GS| . 

Another crucial point is that when "zooming out" , no energy is lost locally in 
C in the limit. This relies on an upper bound on the "momentum map component" 
of a vortex, due to R. Gaio and D. A. Salamon. 

1.4. Predholm theory for vortices over the plane 

The space of gauge equivalence classes of symplectic vortices can be viewed 
as the zero set of a section of an infinite dimensional vector bundle. Formally, 
the second main result of this memoir states that in the case S = C the vertical 
differential of this section is Fredholm when seen as an operator between suitable 
weighted Sobolev spaces. We will first state the result and then interpret it in this 
way. 

Statement of the Fredholm result. Consider the case £ := C and cue '■= Wo- 

Let p > 2 and A be real numbers^ We define the set B\ as follows. For a 



2 ^Sec CGMS Example 2.8]. Here the standing assumption that fi is proper is used. 
2 ^The reasons for introducing the additional marked points Zq = oo are explained in Remark 
[21] in Section l2~2l 

2 ^In this memoir, p and A always refer to finite values, unless otherwise stated. 
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measurable function / : R™ — > M we denote ||/|| p := ||/||lp(C) € [0, oo] and define 
the X-weighted LP -norm of f to be 

II/IIp,a := ||(l + |-| 2 )*/|| p G[0,oo]. 

We define Bf oc to be the class consisting of all triples (P,A,u), where P — > C is a 
G-bundle of class W\ A a connection (one- form) of class W^, and u : P — > M 
a G-equivariant map of class W ic £. We call two elements w,w' £ Bf oc p- equivalent 
iff there exists an isomorphism $ : P 1 — » P of G-bundles of class (descending 
to the identity on C), such that $*(A, u) — (A\ u'). In this case we write w ~ p «/. 
We define 

(1.16) B p x := {w := {P,A 7 u) £ Bf oc | <P) compact, ||V^II p ,a < oo}, 

(1.17) & X :=&J~ V , 

where the energy density e w is defined as in (|1.11|) . 

Let W £ B p x . We define normed vector spaces and 3^i> A as follows. Let 
E be a real vector bundle over C. We denote by A l (E) the bundle of alternating 
i-forms on C with values in E. If E is a complex vector bundle, then we denote by 
A°' 1 (E) the bundle of anti-linear one-forms on C with values in E. We denote by 
Lf oc (P) and r ic ^(i?) the spaces of its Lf oc - and -sections, respectively. We fix 
w := (P, A, u) £ B\, and denote by 

g P := (Pxg)/G^E, TM U :— (u*TM)/G -» C 

the adjoint bundle and the quotient of the pullback bundle u*TM — > P. Let 
C := (a,w) e L 1 1 ^(A 1 (g P )©TAP). We denote d A a :=da+[AAa] and by V A the 
connection on TM U induced by the Levi-Civita connection V of uj(-, J-) and Arl 
and we abbreviate V A C, := (c^ia, V" 4 ?;). We define the weighted norm 

(1.18) ||C|U, P ,A := IICIloo + |||V A CI + W{u)v\ + \a\\\ p;X £ [0,oo]. 

Here the norms are taken with respect to w(-, J-), the standard metric on C, and 
(•, -) B . We denote by * the Hodge star operator with respect to the standard metric 
on C, and by 

d* A = -*d A *:Tlf c (A 1 ( 9P ))^Tf oc ( 9P ) 

the formal adjoint of the twisted differential d A - For x £ M we denote by L* : 
T X M — > q the adjoint map of the infinitesimal action of G on M at x, with respect 
to the Riemannian metric w(-, J-) and the inner product (-,-) . The collection 
(L*) x£ m induces a map L* from the space of sections of TM U to the space of 
sections of Qp. We defind 2 ^ 

(1.19) L* w :rlf c (A 1 ( 0P )®TM u ) ^ Lf oc ( 0P ), L* w (a,v) := -d\a + L* u v, 



2 ^By definition, P is a topological G-bundle over C, equipped with an atlas of local trivial- 
izations whose transition functions lie in Every such bundle is trivializable, but we do not 

fix a trivialization here. 

28 See definition l lA.631 1 in Appendix [XT] 

29 As explained in the next subsection, the map L^, is the formal adjoint for the infinitesimal 
action of the gauge group on the product of the spaces of connections and cquivariant maps from 
P to M. 



1.4. FREDHOLM THEORY FOR VORTICES OVER THE PLANE 



(1.20) 


x p,\ 


~{ter 1 1 f c (A 1 ( QP )®TM-)\L* w { = 


0, HClU.p.A < oo 


(1.21) 


y p,x 


-.= {£ er^^^TM")®^^))! 


||C'||p,A < OO}, 


(1.22) 








(1.23) 


v p,A 


■■= II y p w x i-v 





Here the equivalence relations in (|1.22|1.23j) are denned similarly to the p-equivalence 
relation on B P ' X . Since the energy-density is invariant under the gauge transforma- 
tions, the gauge group of of class W^ p naturally acts on the set 

(1.24) B p (P):={(A,u)\(P,A,u)eB p }. 

Assume that A > 1 — 2/p. Then this action is freelf^ Therefore, X^ x is naturally 
a normed vector space, which can canonically be identified with X^ ,x , for any 
representative w of W . Similarly, y^f is naturally a normed vector space, which 
may be identified with 3^' A , for any representative w of W . 
Consider the operator 

(1-25) : X^ x y^ 



{V A v + L^f' 1 - \ J(V v J){d A u)^ 



(1.26) V^[w;a,v] . , , . 

cLach + coo an(u)v 

Here the brackets [• • • ] denote equivalence classes. Formally, this is the vertical 
differential of a section of a Banach space bundle over a Banach manifold, whose 
zeros are the gauge equivalence classes of vortices. (For explanations see the next 
subsection.) Recall that dp (M, u>) £ [M, Z) denotes the equivariant first Chern 
class of {M,uj). The second main result of this memoir is the following. 

4. Theorem (Fredholm property). Let p > 2, A € R, and W € B\ (defined as 
in (jl.l7[l ). Assume that dimM > 2dimG. Then the following statements hold. 

(i) If A > 1 — 2/p then the normed vector spaces Xyfr and 3^> A (defined as in 
(11.2211. 23p ) are complete. 

(ii) Ifl-2/p<A<2-2/p then the operator Vfy x (defined as in (11.2511. 26jl ) is 
well-defined and Fredholm of real index 

(1.27) ind£>^ A = dimM - 2 dimG + 2(df (M, ui), [W]), 

where [W] denotes the equivariant homology class of W (see Section l3~Tj) . 

The contraction appearing in formula (|1.27l) can be interpreted as a certain 
Maslov index. (See Proposition [62] in Section |3Tj) The condition 1 — 2/p < A < 
2 — 2/p in part JnJ of this result captures the geometry of finite energy vortices 
over C. (See Remark [9] below.) The condition A < 2 — 2/p is also needed for the 
map D^y A to have the right Fredholm index. (See Remark [TUJ) The definition of 
the space Xfy naturally parallels the definition of B p . (See Remark ITTl) Note that 
some naive choices for the domain and target of the operator V^lr do not work. 
(See Remark H) 



^"i.e., the group of transformations on P 
31 See Lemma [1211 in Appendix I A. 71 
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The proof of Theorem[4]is based on a Fredholm result for the augmented vertical 
differential and the existence of a bounded right inverse for L* w . (See Theorems [63] 
and [M] in Section 13.2.11 ) The proof of Theorem has two main ingredients. 
The first one is the existence of a suitable complex trivialization of the bundle 
A 1 (q p ) © TM U . For R large, z £ C \ Bp and p G n^ 1 (z) C P such a trivialization 
respects the splitting 

(1-28) T u(p) M = (imL^) 1 - mvL c u(p)1 

where L x : jj ® C — > T X M denotes the complexified infinitesimal action, for x £ 
M. The second ingredient are two propositions stating that the standard Cauchy- 
Riemann operator d s and a related matrix differential operator are Fredholm maps 
between suitable weighted Sobolev spaces. These results are based on the analysis 
of weighted Sobolev spaces carried out by R. B. Lockhart and R. C. McOwen 
[Loll lLo2l [Lo3l ILMll ILM21 IMcOll IMcQ2l IMcQ3j . A crucial analytical 
ingredient is a Hardy- type inequality (Proposition [HI] in Appendix I A. 4[) . 

Motivation, a formal setting. To put the Fredholm result into context, let 
(E, j) be a connected smooth Riemann surface, equipped with a compatible area 
form Wj> Recall the definitions 711.101) of B, B. Consider the subclass B* C B of 
triples (P, A, u) for which there exists a point p € P, such that the action of G at 
the point u{p) £ M is free. We define 

B* := B*/~, 

where ~ is defined as before the definition (jl.lOj) . Formally, B* may be viewed 
as an infinite dimensional manifold, since for every smooth G-bundle P over E, 
the natural action of the gauge group Gp — Cq (P, G) on the "infinite dimensional 
manifold" 

(1.29) B* P := {(A,u) \ (P,A,u) € B*} 

is free. Furthermore, the set of vortex classes may be viewed as the zero set of 
a section of a vector bundle £ over B* , with infinite dimensional fiber, as follows. 
Consider the "vector bundle" £ := Ey. over B* , whose fiber over a point w = 
(P, A, u) £ B* is given by 

(1.30) £ w := T (4 0,1 (TM U ) A 2 ( Bp )) E 

The bundle £ := £■% over B* is now defined to be the quotient of the bundle £ — > B* 
under the natural equivalence relation lifting the relation ~ on 6*. Finally, 

S : B* -> £ 

is defined to be the section induced by 

S:B*^£, §{A,u) := (dj, A (u), F A + ( M ° u)w s ). 

Heuristically, £ is an infinite dimensional vector bundle over B* , and S is a smooth 
section of £. The zero set 5 _1 (0) C B* consists of all vortex classes over E. Assume 
that W £ 5 _1 (0). Then formally, there is a canonical map T : Try/^E — > £<w, where 
£w Q £ denotes the fiber over W. We define the vertical differential of S at W to 
be the map 

(1.31) d v S{W) = T dS{W) : T W B* -> £ W - 



Here denotes the space of smooth sections of a vector bundle E — > S. 
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Heuristically, if this map is Fredholm and surjective, for every W £ 6> _1 (0), then 
the zero set <S -1 (0) is a smooth submanifold of B*. The dimension of a connected 
component of this submanifold equals the Fredholm index of d S(W), where W is 
any point in the connected component. 

At a formal level, in the case E = C, equipped with — the vertical 
differential (|1.31l) coincides with the operator T>f^ , which was defined in (ll.25ll.26p 
and occurred in the Fredholm result, Theorem [4] To see this, let W £ B*. We 
interpret Ty/B* as a quotient, as follows. Let P be a smooth G-bundle over E, and 
(A,u) £ Bp. Denoting w := (P, A, u), the infinitesimal action at the point (A,u), 
corresponding to the action of Qp on Bp, is given by 

L w : Lie(£ P ) = T(q p ) ->■ T (A>u) B P = V (A\q p ) TM U ) , L w £ = (-d A Z,L u $, 
where d A £ ■= d£ + [A,£\. Defining 

(1.32) X w := T( A ^B* P /'unL w , 
we may identify 

(1.33) T W B* = X w := 

where ~ denotes the natural lift of the equivalence relation on B*. Assume formally 
that Bp and Lie(C/p) are equipped with a C/p-invariant Riemannian metric and a 
CJp-invariant inner product, respectively. For (A,u) £ Bp we denote by L* m : 
Ti A u \B F — > Lic(C?p) the adjoint map of L w . Then by (|1.32[) . we may identify 

X w = kerL; C T (A^Qp) © TM U ) . 

Using this and (|1.33|1.30|) . the vertical differential (fOT]) at W £ 5 _1 (0) agrees 
with the map 

( ]J kerL;) /- ( U r(4 ' l (TJf)eAV))j /~, 

\w£W ) \wGW / 

given by (|1.26p . in the case E = C and — lu . Here on either side, ~ denotes a 
natural lift of the equivalence relation on B*. 




1.5. Remarks, related work, organization 

Remarks. 

5. Remark (Vortices as triples). In some earlier work (e.g. [CGSj and |Zil| ). 
the G-bundle P was fixed and the vortex equations were seen as equations for a 
pair (A,u) rather than a triple (P. A. u)r^ The motivation for making P part of 
the data is twofold: 

When formulating convergence for a sequence of vortex classes over C to a stable 
map, one has to pull back the vortices by translations of C. (See Section l2~2T j If the 
principal bundle is fixed and vortices are defined as pairs (A, u) solving (11.811.91) , 
then there is no natural such pullback. However, there is a natural pullback if the 



'However, in MT I. Mundet i Riera and G. Tian took the viewpoint of the present memoir. 
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bundle is made part of the data for a vortex0 More generally, it is possible to 
pull back vortex triples (P, A, u) by a Kahler transformation of a Riemann surface 
equipped with a compatible area form. 

Another motivation is the following: If the area form or the complex structure 
on the surface S vary, then in the limit we may obtain a surface £' with singularities. 
It does not make sense to consider P as a bundle over One way of solving this 
problem is by decomposing £' into smooth surfaces, and constructing smooth G- 
bundles over these surfaces. Hence the G-bundle should be viewed as a varying 
object. 

Once P is made part of the data, it is natural to consider equivalence classes of 
triples (P, A, u) € M. (as defined in (|1.15|l ). rather than the triples themselves. One 
reason is that all important quantities, like energy density and energy, are invariant 
(or equivariant) under equivalence. Note also that the bubbling and Fredholm 
results are more naturally stated for equivalence classes of vortices. Viewing the 
equivalence classes as the fundamental objects also matches the physical viewpoint 
that the "gauge field", i.e., the connection A, is physically relevant only "up to 
gauge". □ 

6. Remark. Let £ be the plane C, equipped with the standard area form 
wo i and consider the trivial G-bundle Po := C x G. Then the solutions (A, u) of 
the vortex equations (|1.8I1.9[) on P bijectively correspond to solutions ($, f) e 
C°° (C, g x g x M) of the equations 

(1-34) d s f + L f $ + J(f)(d t f + L f *)=0, 

(1.35) d s *-9 t $ + [$,*]+/z(/) = 0. 

Here we denote by s and t the standard coordinates in C = R 2 , and in the second 
equation we identify the Lie algebra g with its dual via the inner product (■, -) g . 
The correspondence maps such a triple ($,'1',/') to (A,u), where A denotes the 
connection on Po defined by 

A {z , g) ((,9t) := {$(z)ds + *(z)dt)t + C, VC e T Z C, £ e g, z e C, g e G, 

and the map u : Po — > M is given by u(z, g) := g^ 1 f(z). The group G°°(C, G) acts 
on the set Aio of solutions of (jl.34ll.35|) by 

h*($, /) := (h^dsh + Ad,,-i$, hr x d t h + Ad h -iV, /i" 1 /) , 

where we denote the adjoint representation of an element g £ G by Ad g : g — > g. 
This group naturally corresponds to the gauge group Gg 3 (Po, G), and its action to 
the action 

g*(A,u) := (g- 1 dg + Ad g -i A, g^u) . 

Since every G-bundle over C is trivializable, it follows that the quotient of A^o 
by the action of G°°(C, G) bijectively corresponds to the quotient A4 = M/ ~, 
consisting of gauge equivalence classes of triples (P, A, u) of solutions of (11.811.91) . 
Hence the results of the present memoir can alternatively be formulated in terms 
of solutions of the equations (11.3411. 35[) . However, the intrinsic approach using 
equations (|1.8I1.9[) seems more natural. □ 



J Given a G-bundle P over C, we may of course choose a trivialization of P, and then define 
a pull back for pairs (A, u), using the trivialization. However, this approach is unnatural, since it 
depends on the choice of a trivialization. 
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7. Remark ( Asphericity) . Without the asphericity condition one needs to in- 
clude holomorphic spheres in the fibers of the Borel construction in the definition 
of a stable map. In this situation, to compactify the space of vortices over C with 
an upper energy bound, one needs to combine the proof of Theorem [3] with the 
analysis carried out by I. Mundet i Riera and G. Tian in [Mull [MT| . or by A. Ott 
in [Pit] . □ 

8. Remark (Quotient spaces). The space X^ occurring in Theorem |4] is a 
quotient of a disjoint union of normed vector spaces. It is canonically isomorphic 
to the space X?' , for every representative w of W. Similar statements hold for 
y^r . The description of the spaces Xfy and yfy- as such quotients may look 
unconventional, however, it seems natural, since it does not involve any choice of a 
representative of W. 

Alternatively, one could phrase the Fredholm result in terms of the spaces X^ x 
and yifc ■ However, in view of the last part of Remark [SJ this seems less natural 
than the present formulation. □ 

9. Remark (Decay condition and vortices). The condition || v / e^|| p .A < oo in 
the definition (jl.161) of B x and the requirement 1 — 2/p < X < 2 — 2/pin Theorem 
SflnJ capture the geometry of finite energy vortices over C, in the following sense. 
Let w = (P, A, u) G B p oc be a finite energy vortex such that u(P) has compact 
closure. (Here Bf is defined as at the beginning of Section fOl ) Then for every 
e > there exists a constant C such that e w (z) < C|z|~ 4+£ , for every z E C\ B\. 
This follows from Theorem |9"9"1 in Appendix |A~51 and |Zi2[ Corollary 1.4]. 

It follows that w E B x if A < 2 — 2/p. This bound is sharp. To see this, 
let A > 2 — 2/p and M :— S 2 , equipped with the standard symplectic form w st , 
complex structure J := i, and the action of the trivial group G :— {1}. Consider 
the inclusion u:Cx {1} = C — > S 2 = CU {oo}. Since this map is holomorphic, the 
triple (C x {1}, 0, u) is a finite energy vortex whose image has compact closure. It 
does not lie in B x . 

On the other hand, every w E B\ has finite energy whenever p > 2 and A > 
1 — 2/p0 The latter condition is sharp. To see this, consider M := M. 2 ,lu := 
loo, G := {1}, J := i. We choose a smooth map u : C x {1} = C —> M 2 , such that 

u{z)= (cos(v/log|z|) ,sin(yiog|z|)) , VzeC\B 2 . 

Then the triple (C X {1}, 0, u) lies in B p x for every p > 2 and A < 1 — 2/p. However, 
it has infinite energvl 36 P 

10. Remark (Index). The condition A < 2 — 2/p in part (Jn)) of Theorem H] is 
needed for the map T)^ to have the right Fredholm index. Namely, let A > 1 — 2/p 

"^This follows from the estimates 

iiv^ii2<||v^(-> A IUI<r A || 9 , lK-ri q <~, 

where q := 2p/(p — 2). The first estimate is Holder's inequality and the second one follows from 
a calculation in radial coordinates. 

^"In the present setting, a simpler example of an infinite energy triple w = (P, A, u) satisfying 
y/e w £ L p x for every p > 2 and A < 1 — 2/p, is w := (C X {1}, 0, uj , where u(z) := ^^/log |z|, Oj , 
for every z £ C \ -E?2- However, the closure of the image of such a map u is non-compact, since it 
contains the set [1, oo) X {0}. Therefore, w does not lie in 0^ for any p and A. 
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be such that A + 2/p g Z, and W e B\. Then the proof of Theorem |4] shows that 
Ty?rr is Fredholm with index equal to 

(2 - fc)(dimM - 2 dim G) + 2(cf (M,w), [W]), 

where k is the largest integer less than A + 2/p. In particular, the index changes 
when A passes the value 2 — 2/p. 

Note also that the condition A > 1 — 2/p is needed, in order for the homology 
class [W] to be well-defined. (See Remark [55] in Section IcTTl ) □ 

11. Remark (Weighted Sobolev spaces and energy density). The definition of 
the space naturally parallels the definition (| 1 . 1 T[) of B p x . Namely, by linearizing 
with respect to A and u the terms cIau, Fa and p,ou occurring in the energy density 
e w , we obtain the terms V^£i dp(u)v and L u a. These expressions occur in ||C||w,p,A 
(defined as in Ql.lSp ). except for the factor L u in £ u aEj The expression ||C||oo is 
needed in order to make || • || WiP ,a non-degenerate. □ 

12. Remark (Sobolev spaces and 0-th order terms). Consider the situation in 
which the norm ()1 . 18() is replaced by the usual M /1 ' p -norm, and the norm || • || p .a 
(defining y>fc x ) is replaced by the usual L p -norm. Then in general, the map defined 
by (jl.26p does not have closed image, and hence it is not Fredholm. Note also that 
the 0-th order terms a > (L u a)° :1 and v H ► uiq dp(u)v in (|1.26|) are not compact 
(neither with respect to X^ x and J- 7 ^, nor with respect to the usual W 1,p - and 
L p -norms). The reason is that the embedding of W 1,P (C) (for p > 2) into the space 
of bounded continuous functions on C is not compact. Because of these terms, the 
map (|1.26p is not well-defined between spaces that look like the standard weighted 
Sobolev spaces in "logarithmic" coordinates t + iip (with e T+lv = zeC \ {0})- 

This is in contrast with the situation in which £ is the infinite cylinder Kx5', 
equipped with the standard complex structure and area form. In that situation the 
splitting (| 1 .28(1 is unnecessary, and standard weighted Sobolev spaces in "logarith- 
mic" coordinates can be used. In the relative setting, with the cylinder replaced by 
the infinite strip K x [0, 1], this was worked out by U. Frauenfelder |Frl[ Proposi- 
tion 4.7]. The proof of the Fredholm result then relies on results [RoSaJ ISa] by 
J. Robbin and D. A. Salamon0D 

Related work. 

Quantum Kirwan maps. The history of Conjectures [T] and [2] is as follows. As- 
sume that (H) holds, (M, uj) is aspherical, (M, is convex at oo and monotone, 
and Hq(M) is generated by classes of degrees less than 2N, where N is the min- 
imal equivariant Chcrn number (defined as in Q1.3[l ). In this case R. Gaio and 
D. A. Salamon [GSJ proved that there exists a ring homomorphism from Hq(M) 
to the quantum cohomology of (M , <U) that agrees with the Kirwan map on classes 
of degrees less than 2JV, see |GS[ Corollary A']. The idea of the proof of this result 
is to fix an area form W52 on S 2 and to relate symplectic vortices for the area form 
Cujs? with pseudo-holomorphic spheres in M, for sufficiently large C > 0. The 
authors noticed that in general, this correspondence does not work, since in the 
limit C — > 00, vortices over C may bubble off. Accordingly, the calculation of the 
quantum cohomology of monotone toric manifolds in |CSj . which is based on |GS , 



"^It follows from hypothesis (H) and Lemma l84l in Appendix lA.3l that this factor is irrelevant. 
In that setting, the index of the operator equals a certain spectral flow. 
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does not extend to the situation of a general toric manifold. This follows from 
examples by H. Spielberg |Spl[ [Sp2] . 

Based on these observations, Salamon suggested to construct a ring homomor- 
phism from Hq(M) to the quantum cohomology of (M,uJ), by counting symplectic 
vortices over the plane C, provided that (M, lo) is aspherical and (M, w, fj,) is con- 
vex at oo. This homomorphism should intertwine the symplectic vortex invariants 
and the Gromov-Witten invariants of (M,uj). This gave rise to the Ph.D. -thesis 
[Zilj . which served as a basis for the present memoir. There it is observed that in 
the definition of convergence for vortices over C to a stable map, only translations 
should be allowed as reparametrizations used to obtain a vortex component in the 
limit0 C. Woodward realized that with this restriction, vortices over C without 
marked points may appear in the bubbling argument used in the proof of the ring 
homomorphism property of the quantum Kirwan map. (This may happen even in 
the transverse case.) As a solution, he suggested to interpret the quantum Kirwan 
map as a morphism of cohomological field theories. (See [NWZ] and Conjecture [2] 
above.) On the other hand, under the semipositivity introduced above, the vortices 
without marked points can be excluded in the transverse case. This gave rise to 
Conjecture [T] 

In his recent article [Wo] C. Woodward developed these ideas in an algebraic 
geometric setting. He defined a quantum Kirwan map in the case of a smooth 
projective variety with an action of a complex reductive group. (See [Wol Theorem 
1.3].) Theorem [3] of the present memoir is used in the proof of that result to show 
properness of the Deligne-Mumford stack of stable scaled gauged maps in (M, ui) 
of genus 0. (See [Wol Theorem 5.25].) 

In |GWlj E. Gonzalez and C. Woodward used Woodward's definition to cal- 
culate the quantum cohomology of a compact toric orbifold with projective coarse 
moduli space. Furthermore, in [GW2] they used it to formulate a quantum version 
of Kalkman's wall-crossing formula. 

Bubbling and Fredholm results for vortices. Assume that S is closed, (H) holds, 
and M is symplectically aspherical and equivariantly convex at oo. In this case, 
in |CGMSl Theorem 3.4], K. Cieliebak et al. proved compactness of the space of 
vortex classes with energy bounded above by a fixed constant. In the case in which 
M and E are closed, in jMull Theorem 4.4.2] I. Mundet i Riera compactified the 
space of bounded energy vortex classes with fixed complex structure on E. Assum- 
ing also that G := S 1 , this was extended by I. Mundet i Riera and G. Tian in [MT, 
Theorem 1.4] to the situation of varying complex structure. That work is based on 
a version of Gromov-compactness for continuous almost complex structures, proved 
by S. Ivashkovich and V. Shevchishin in [IS] . 

In [Ott| Theorem 1.8] A. Ott compactified the space of bounded energy vortex 
classes in a different way, for a general Lie group and closed M and E, the last 
with fixed complex structure. He used the approach to Gromov-compactness by 
D. McDuff and D. A. Salamon in [MS2j . In the case in which E is an infinite strip, 
equipped with the standard area form and complex structure, the compactification 
was carried out in a relative setting by U. Frauenfelder in |Frl| Theorem 4.12]. 
(See also (E2].) 



39 As explained in Remark 1221 in Section 12.21 the reason for this is that the evaluation of a 
vortex class at a point in C is not invariant under rotations. 
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In [GSj R. Gaio and D. A. Salamon investigated the vortex equations with 
area form Cws in the limit C — > oo. Here E is a closed surface equipped with a 
fixed area form wj. They proved that three types of objects may bubble off: a 
holomorphic sphere in M, a vortex over C, and a holomorphic sphere in M. (See 
the proof of [GSl Theorem A].) 

For a closed Riemann surface £, in [CGMS] K. Cieliebak et al. proved that 
the augmented vertical differential of the vortex equations is Fredholm. 

Other related work. In |VW] S. Venugopalan and C. Woodward establish a 
Hitchin-Kobayashi correspondence for symplectic vortices over the plane C. 

Organization of this memoir. This memoir is organized as follows. Chap- 
ter [3 contains the bubbling analysis for vortices over the plane C. In Section |2~T1 
we define the notion of a stable map consisting of vortex classes over C, pseudo- 
holomorphic spheres in M, and marked points. In Section [2.2l we formulate conver- 
gence of a sequence of vortex classes over C to such a stable map. Stable maps and 
convergence are explicitly described in the Ginzburg-Landau setting in Section [2. 31 
Section \2 .41 covers an additional topic, which will be relevant in a future definition of 
the quantum Kirwan map. The main result of Section [2.51 is that given a sequence 
of rescaled vortices with uniformly bounded energies, there exists a subsequence 
that converges up to gauge, modulo bubbling at finitely many points. Section 12.61 
contains a result that tells how to find the next bubble in the bubbling tree, at a 
bubbling point of a given sequence of rescaled vortices. Based on these results, the 
bubbling result, Theorem[31 is proven in Section |2"771 Section [2TS1 contains the proof 
of the result characterizing convergence in the Ginzburg-Landau setting. 

Chapter [3] contains the Fredholm theory for vortices over the plane C. In 
Section [37X1 the equivariant homology class of an equivalence class of triples (P, A, u) 
is defined, and the contraction appearing in formula (| 1 . 2T[) is interpreted as a certain 
Maslov index. Section l3~2l contains the proof of the Fredholm result, Theorem [H 

In the appendix we recollect some auxiliary results, which are used in the proofs 
of the main results. 
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CHAPTER 2 



Bubbling for vortices over the plane 

In this chapter, stable maps consisting of vortex classes over the plane C, holo- 
morphic spheres in the symplectic quotient, and marked points, are defined, and 
the first main result of this memoir, Theorem [31 is proven. This result states that 
given a sequence of vortex classes over C, with uniformly bounded energies, and 
sequences of marked points, there exists a subsequence that converges to some sta- 
ble map. We also describe stable maps and convergence in the simplest interesting 
example, the Ginzburg-Landau setting. 

2.1. Stable maps 

Let M,w,G, q, (■, ■) B , /i, J be as in Chapter [T] Our standing hypothesis (H) 
implies that the symplectic quotient 

(M = M - 1 (0)/G,5J) 

is well-defined and closed. The structure J induces an uJ-compatible almost complex 
structure on M as follows. For every x £ M we denote by L x : g — > T X M the 
infinitesimal action at x. We define the horizontal distribution H C T(/i _1 (0)) by 

H x := ker dfi(x) n imi^, Va; e /i _1 (0). 

Here _L denotes the orthogonal complement with respect to the metric J-) on 
M. We denote by n : /i _1 (0) — » M := fi~ 1 (0)/G the canonical projection. We 
define J to be the unique isomorphism of TM such that 

(2.1) Jdir = dnJ on HE 

We identify C U {oo} with S 2 . The (Connectedness) condition in the definition 
of a stable map below will involve the evaluation of a vortex class at the point 
oo e S 2 . In order to make sense of this, we need the following. We denote by Gx 
the orbit of a point x G M. Let P be a smooth (principal) G- bundle over and 
u € Cq(P,M) a map. We denote by M/G the orbit space of the action of G on 
M, and define 

u-.C^-M/G, u{z) := Gu(p), 
where p € P is an arbitrary point in the fiber over z. For W € B we define 

(2.2) uw '■= u, 

where w = (P,A,u) is any representative of W. This is well-defined, i.e., does not 
depend on the choice of w. Recall the definition (|1.15[) of A4, and that by the image 



^Such a J exists and is unique, since the map (Itt is an isomorphism from H to TM, and J 
preserves H. 

2 Such a bundle is trivializable, but we do not fix a trivialization here. 

17 
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of a class W G A4 we mean the set of orbits of u(P), where (P, A, u) is any vortex 
representing W. We define the set 

(2.3) M <00 := {W € M | image(W) compact, < oo}. 

13. Proposition (Continuity at oo). If W € M<oo then the map uw ■ C — > 
M/G extends continuously to a map / : S 2 — > M/G, such that /(oo) € M = 
M - 1 (0)/G. 

Proof of Proposition [T3]. This follows from the estimate (|2.62l) with R = 
oo in Proposition [45] (Section 12.61 below) □ 

14. Definition. We define the evaluation map ev to be the map from the 
disjoint union of C°(S 2 ,M/G) x S 2 and M <QC x {oo} to M/G, given as follows. 
For (u, z) e C°(S 2 ,M/G) x S 2 we define 

(2.4) ev z (u) := ev(u, z) := u(z). 
Furthermore, for W G A / f< 00 we define 

(2.5) eVoo(W) := /(oo), 

where / is as in Proposition [T3l 

By a tree relation on a set T we mean a symmetric, ant i- reflexive relation on 
T, such that each two points in T are connected by a unique simple path of edges. 
A central definition of this memoir is the following. 

15. Definition (Stable map). For every k e N = N U {0} a (genus 0) stable 
map consisting of vortex classes over C and pseudo-holomorphic spheres in M , with 
k + 1 marked points, is a tuple 

(2.6) (W,z) := {Tq^i^Too^E, (W a ) a<£Tl , {u a ) a<£Toc , (z a p) a Ep, Zi)i=o,...,fc) , 

where T,; is a finite set for z = 0, 1, oo, E is a tree relation on T := Tq ]JTi JjToo, 
VFa € .M<oo (for a € T\), u a : S 2 — ^ M — ^ 1 (0)/G is a J-holomorphic map (for 
a 6 Too), 2 Q; 3 g S 12 is a point for each edge ocE/3, on G T is a vertex, and z; G S 2 is 
a point, for i = 0, . . . , k, such that the following conditions hold. 

(i) (Combinatorics) 

• We have a G T x U Too. 

• For every a G T there exist an integer fc G N and vertices f5\ , . . . , /3k G T 
such that 

Pi = a, /3k = do, 
and for every i = 1 , . . . , k — 1 we have 

(2.7) ft^ft+i , ft G T"o =* > ft+i € T U T x , ft G T x U T M => ft +1 G Too . 

(ii) (Special points) 

• If cxq G T\ then zo = oo. 

• If a G Xi and /3 G T^, are such that aE/3 then z Q ^ = oo. 

• Fix a G T. Then the points z a p with f3 G T such that and the 
points Zi with i = 0, . . . , k such that on = a, are all distinct. 



"^Alternatively, it is a consequence of |GSI Proposition 11.1]. 
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Figure 1. Stable map consisting of vortex classes over C and 
pseudo-holomorphic spheres in M. 

(iii) (Connectedness) Let a, (3 € T\ U be such that aEj3. Then 

ev Za ,(W a ) = ev Zff M). 

Here ev is defined as in (j2.4|) and (|2.5[) and we set W„ :=S a if a € T^,. 

(iv) (Stability) Let a e T. 

• IfaeTx and E(W a ) = then the set 

(2.8) {p eT\aE/3}u {i e {0,...,k}\ oti = en} 

contains at least two points. 

• If either a £ and E(u a ) — 0, or a € T , then the set (|2.8p consists of 
at least three points. 

This definition is modeled on the notion of a genus pseudo-holomorphic stable 
map, as introduced by Kontsevich in [Ko Q Roughly speaking, a stable map in the 
sense of Definition [15] can be thought of as a collection of vortex classes over C, 
pseudo-holomorphic spheres in the symplectic quotient M, "ghost spheres of type 
0" corresponding to the vertices of T , and marked and nodal points. A vortex class 
may be connected to a sphere in M at the nodal point oo, and to "ghost spheres of 
type 0" at points in C. Furthermore, spheres of the same type may be connected 
at nodal points. The "ghost spheres of type 0" should be thought of as constant 



For an exhaustive exposition of those stable maps see the book by D. McDuff and D. A. Sala- 
mon |MS2| . 



20 



2. BUBBLING FOR VORTICES OVER THE PLANE 



spheres in the Borel construction (M x EG)/G. They are needed for the bubbling 
result (Theorem [3|) to capture colliding marked points in C0 

Figure Q] shows an example of a stable map. Here the "teardrops" correspond to 
vortex classes over C, the solid and dashed spheres to pseudo-holomorphic spheres 
in M, and the dotted spheres to "ghost spheres of type 0". The solid objects have 
positive energy, and the dashed and dotted spheres are "ghosts", i.e., their energy 
vanishes. Each "teardrop" is connected to a sphere (in M) via a nodal point at its 
vertex, which corresponds to the point oo 6 C U {oo}. 

To explain the stability condition (fry)), we fix a £ T. We define the set of nodal 
points on a to be 

(2.9) Z a :={z af! \(3eT,aE(3}CS 2 , 

the set of marked points on a to be 

[zi | an = a, i e {0, . . ., k}}, 

and the set Y a of special points on a to be the union of these two sets. The stable 
map of Figure [T] carries ten marked points, which are drawn as dots. The stability 
condition says the following. Assume that a £ T is a "ghost component", i.e., 
a £ To or W a carries zero energy (in the case a £ T\ U Too). Then the following 
holds: If ot £ T\ then it carries at least one special point in Furthermore, if 
a £ To U Too then a carries at least three special points. 

This condition ensures that the action of a natural reparametrization group on 
the set of simple stable maps of a given type is freeQ In a future definition of the 
quantum Kirwan map this will be needed in order to show that the evaluation map 
on the set of non-trivial vortex classes (with marked points) is a pseudo-cycle. 

Remarks. Condition (JTJ) implies that if T\ is empty then so is To, and hence a 
stable map in the sense of Definition [T5] is a genus stable map of J-holomorphic 
spheres in M. 

If «o £ Ti then Ti = {ao} and Tm = 0- This follows from the second part of 
condition (P for a £ Too, using the last condition in (12.71) . Hence in this case a 
stable map consists of a single vortex class and special points. 

If ao £ Too then the sets Too and T\ U Too are subtrees of T, and every element 
of Ti is adjacent to a unique vertex in Too and to no vertex in T±. In particular, 
each element of T\ is a leaf of the tree T\ U Too- These statements follow from 
condition and the fact that T does not contain any simple cycle. 

The vertices in To are not adjacent to those in Too- Furthermore, for each 
connected component of To there exists a unique vertex in T\ that is adjacent to 
some element of the connected component. These assertions follow from condition 
(ji} and the fact that T does not contain any simple cycle. □ 

16. Remark. If 1 < i < k is such that on £ T\ then Zj ^ oo. This follows from 
condition ((u]) and the fact that either ao £ T\ or every vertex in T\ is adjacent to 
some vertex in Tx) ■ n 



^As explained in Zil , Zi4 vortex classes over C evaluate to points in (M X EG)/G at points 
in C. Therefore, identifying each "ghost sphere of type 0" with a point in (M X EG)/G, it makes 
sense to ask that the sphere is connected to a vortex class over C at a given nodal point. 

^It then also carries a special point at oo. 

^See Proposition 1311 in Section 12.41 below. 
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a 




Figure 2. This is the stable map described in Example 1181 with 
i := 4 and a constant sphere uq. 

17. Remark. Without the asphericity assumption, a stable map should also 
include holomorphic maps from the sphere S 2 to the fibers of the Borel construction 
(M x EG) /G. These occur if in a sequence of vortices over C energy is concentrated 
around some point in C. The necessary analysis was worked out by I. Mundet i 
Riera and G. Tian in |Mul|, IMT] . and by A. Ott in [PIT . □ 

Example. The simplest example of a stable map consists of the tree with one 
vertex T = T\ = {ao}, a vortex class W £ M.<oo, the marked point zq := oo and a 
finite number of distinct points Zi € C, i = 1, . . . , k, where k > 1 if E(W) = 0. □ 

18. Example. We set k := 0, choose an integer I € No, and define 



T o :=0, T x :={!,. ..,£}, := {0}, E := {(0, 1), (0,£), (1, 0), ...,(£, 0)}, 



a?o := 0, 2^0 : = °°j Vi = 1, . . . ,£. 
Let ZojZch G "S* 2 , i — be distinct points, «o a J- holomorphic sphere, and 

Wi € A^ <00 be a vortex class, for i = 1, . . . ,£. Assume that E(Wi) > for every i, 
and if t < 1 then uq is nonconstant. Then the tuple 



is a stable map. (See Figure O) □ 

2.2. Convergence to a stable map 

Let k > 0, for v g N let W 7 ^ € -M<oo be a vortex class and z^, . . . , Zu G C be 
points, and let 



(W, z), we need the following notations. For a J- holomorphic map / : S 2 — > M we 
denote its energy by 





) to 
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Let a £ T := T ]J Ti \J and i = 0, . . . , k. We define z a .i £ S 2 as follows. If 
a = oti then we set 

(2.10) z a ^ := z t . 

Otherwise we define z a .i to be the first special point encountered on a path of edges 
from a to on. To explain this, we denote by (3 G T^ the unique vertex such that 
the chain of vertices of T running from a to on is given by (a,0,..., oti). {ft = a i 
is also allowed.) We define 

(2.11) z Qjl := z a/ 3. 

Let S be a compact connected smooth surface with non-empty boundary. Recall 
the definition (|1.10j) of the set By of equivalence classes of triples (P,A,u). We 
define the C°° -topology ty on this set as follows: We fix a (smooth) G-bundle P 
over E, and denote by Qp its gauge group. Since by hypothesis, G is connected, 
every G-bundle over E is trivializable. It follows that the map 

(2.12) (A(P) x Cg{P,M))/g P 3 Gp{A,u) h-> [P,A,u] £ By 
is a bijection@ 

19. Definition. We define ty to be the pushforward of the quotient topology 
of the C°°-topology on A(P) X Cg(P, M) under the map (EHJ). 

Let E be a smooth surface, W = [P,A,u] £ Be, and £1 C E an open subset 
with compact closure and smooth boundary. We define the restriction W\q to be 
the equivalence class of the pullback of (P, A, u) under the inclusion map ft —> E. 

For W = [P, A, u] £ By, and (p a translation on C, we define the pullback of W 
by <p to be 

(2.13) <p*[P,A,u):=[<p*P,**{A,u% 
where $ : ip*P — > P is defined by &(z,p) :— We define 

(2.14) M* := {x € M | if g € G : gx = x => g = l}. 
Note that /^~ 1 (0) C M* by our standing hypothesis (H). 

20. Definition (Convergence). The sequence (W„, Zq := oo, z\, . . . , z%) is said 
to converge to (W, z), as v — >• oo, iff the limit _E := lim^oc E(W U ) exists, 

(2.15) E = E{W a )+ E &a), 

and there exist Mobius transformations ip v a : S 2 — > S 2 , for a £ T, v £ N, such that 
the following conditions hold. 

(i) • If a £ Ti then ip v a is a translation on C. 

• For every a £ T^ we have (p^{ z a,o) = °Oj where z Qi o is defined as in 

eh. cnU'. 

• Let a £ Too and ^> a be a Mobius transformation such that ^ a (oo) = z aj o- 
Then the derivatives (ip^ o ip a )'(z) converge to oo, for every z £ C. 



^Recall here that A(P) denotes the afHne space of smooth connection one-forms on P. We 
use the simplified notation [P, A,u] for the equivalence class [(P, A, u)]. 

^Recall here that a point in the pullback bundle tp*P has the form (z,p), where z £ C and p 
lies in the fiber of P over ip(z) 6 C. 
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(ii) If a, ft £ T are such that aE/3 then (</?^) 1 o ip*a — > z Q ^, uniformly on compact 
subsets of S 2 \ {zp a }. 

(iii) • Let a £ T\ and Q C i? 2 be an open connected subset with compact 

closure and smooth boundary. Then the restriction (^J'H'i/Iq converges 
to Walo, with respect to the topology Tq (as in Definition H9| . 
• Fix a £ Too- Let Q be a compact subset of S 2 \ (Z a U {z Q ,o}). For v 
large enough, we have 

ttw„ov£(Q)CAf7G, 

and uvk, ° 'Pa converges to u Q in C 1 on Q. (Here Z a and uw v are defined 
as in (12.912. 21) .) 

(iv) We have (^a-) -1 ^) ~~ ^ Zi ^ or ever y * = 1, . . . , fc. 

The meaning of this definition is illustrated by Figure [31 It is based on the 
notion of convergence of a sequence of pseudo-holomorphic spheres to a genus 
pseudo-holomorphic stable map0 An example in which it can be understood more 
explicitly, is discussed in the next section. 

Remark. The condition in the first part of (Jm)), that (<£>„)* WJyj — > W a \-^ 
with respect to Tq, is equivalent to the requirement that there exist representatives 
w v of {^a)*W v \^ (for v £ N) and w of W a \-Q such that w v converges to w in the 
C fe -topology, for every k £ N. This follows from a straight-forward argument, using 
Lemma [HU1 (Appendix IA.7j) . □ 

Remark. The last part of condition ([!]) and the second part of condition (fiiT|) 
capture the idea of catching a pseudo-holomorphic sphere in M by "zooming out" : 
Fix a £ Too, and consider the case z a $ — 00. Then there exist A„ £ C \ {0} 
and z v a £ C such that ip v a (z) — \ v a z + z v a . It follows from a direct calculation that 
(ip^yWi, is a vortex class with respect to the area form = |A^| 2 lli , where ujq 
denotes the standard area form on C. The last part of condition (P means that 
\ u a — > 00, for v — > 00. Hence in the limit v — > 00 we obtain the equations 

9j,a(u)=0, /iou = 0. 

These correspond to the J-Cauchy-Riemann equations for a map from C to M. (See 
Proposition !! 161 in Appendix IA. 71 ) The second part of fur]) imposes that in fact the 
sequence of rescaled vortex classes converges (in a suitable sense) to a J-holomorpic 
sphere and that this sphere equals u a . 

It is unclear whether the bubbling result, Theorem [3j remains true if we replace 
the C^-convergence in this part of condition (fiTT|) by C°°-convergence. (Compare to 
Remark [3j in Section [23] ) □ 

Remark. The "energy-conservation" condition (|2.15j) has the important con- 
sequence that the stable map (W, z) represents the same equivariant homology 
class as the vortex class W v , for v large enough. (See IZill Proposition 5.4] and 
[Zi4] .) □ 

21. Remark. The purpose of the additional marked point (q.q,Zq) is to be able 
to formulate the second part of condition (jHi|) . For a £ and v £ N the map 
Gu v o ip v a is only defined on the subset (<p^) -1 (C) C S 2 . Since by condition Q we 



'For that notion see for example IMS2| . 




Figure 3. Convergence of a sequence of vortex classes over C to 
a stable map. 
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have <Pa(z a fi) = oo, the composition uw u ° f a '■ Q ~^ M/G is well-defined for each 
compact subset Q C S 2 \ (Z a U {z a .o}). Hence the second part of condition jmj 
makes sense. 

As another motivation, note that the bubbling result, Theorem |3l is in general 
wrong, if we do not introduce the additional marked points Zq := oo and (ao, zq). 
See Example [28] in Section E21 below. □ 

22. Remark. One conceptual difficulty in defining the notion of convergence 
is the following. Consider the group Isom + (S]) of orientation preserving isometries 
of £ (with respect to the metric o;v.(-. 7-))ri This group acts on By, (defined as in 
(|1.10[0 . as in (|2.13l) . The set A4 <OQ of finite energy vortex classes is invariant under 
this action. 

Hence naively, in the definition of convergence, for a € T\ one would allow (p a 
to be an orientation preserving isometry of C, rather than just a translation. The 
problem is that with this modification, there is no evaluation map on the set of 
stable maps, that is continuous with respect to convergence. Such a map is needed 
for the definition of the quantum Kirwan map. 

Note here that we cannot define evaluation of a vortex class W at some point 
z G £ by choosing a representative (P, A, u) of W and evaluating u at some point 
in the fiber over z, thus obtaining a point in M, since this point depends on the 
choices. Instead, W evaluates at z to a point in the Borel construction for the 
action of G on M0 

Another reason for allowing only translations as reparametrizations (for a E Ti) 
is that the action of Isom + (S) on the set of vortex classes with positive energy is 
not always free. (See Example l34l in Section llOl below.) This means that the action 
of the reparametrization group on the set of simple stable maps is not always free, 
if we allow reparametrizations in Isom + (E). (Compare to Section l2.4n □ 



Recall the definition (|2.3|) of the set Ai<oo of finite energy vortex classes over 
the plane £ = C, whose image has compact closure. In this section we describe this 
set, stable maps, and convergence of a sequence of vortex classes to a stable map, 
in the simplest interesting example: Let (M,ui, J,G) :— (M 2 , ujq, i, S 1 ). We equip 
g := Lie(5 1 ) = iWL with the standard inner product, and consider the action of 
S 1 C C on R 2 = C by multiplication of complex numbers. We define a momentum 
map /i : C — > g for this action by 



In this setting, the energy functional (I1.12[) was introduced by V. L. Ginzburg 
and L. D. Landau [GLj . in order to model superconductivity. Following the book 
jJT) by A. Jaffe and C. Taubes, the set A4 <oa can be described as follows. Let 
w := (P,A,u) 6 Be (defined as in (|1.7[) ) and recall the definition ([1.11)1 of the 
energy density e w . We denote by 



This coincides with the group of diffeomorphisms of E that preserve the pair (u^,j). 
12 See [Zill Proposition 6.1] and [Zi4] , 
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p(z) :^(l-|z| 2 ). 
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the energy of w. In the present situation the condition on the image in the definition 
of A4<oo is superfluous. This means that if w solves the vortex equations (|1.8|1.9p 
and has finite energy, then the closure of the image of u is compact. To see this, we 
fix such a solution. If the energy of w vanishes, then /jo u = 0, therefore the image 
of u equals S 1 = /i _1 (0) C M = C and is thus compact. Hence the statement is a 
consequence of the following result. 

23. Proposition. If the energy of w is positive (and finite) then the image of 
u is contained in the open unit ball B\ C C. 

Proof of Proposition [23 An elementary calculation shows that (A, u) solves 
the Euler-Lagrange equations corresponding to the energy functional E : Be — > 
[0,oo]. Therefore, it follows from QT1 Chap. Ill, Theorem 8.1] that |u(p)| < 1 for 
every p E P. This proves Proposition l23l □ 

In fact, under the hypothesis of this result the image of u equals B\, see Corol- 
lary [25] below. (However, this fact will not be used.) Consider W G A4 <00 . We 
define the local degree map 

(2.16) deg w : C -> N 

as follows. We choose a representative (P,A,u) of W. Since E{W) < oo, it follows 
from |JTi Chapter III, Theorem 2.2] that for every smooth section a : C — > P, the 
map u o a : C — > C has only finitely many zeros. Let z € C. We define 

deg u (z) := deg(7^: £ (z) ~> S 1 ) , 
\\uoa\ J 

where a : C — > P is any smooth section and e > is so small that the closed ball 
B e {z) intersects (u o cr) _1 (0) only in the point z. Here S^(z) C R 2 denotes the 
circle of radius e, centered at z. This definition does not depend on the choice of a 
nor e. We now define the map (|2.16|) by 

(2.17) deg w (z) := deg„(z). 

By an elementary argument the right hand side is independent of the choice of the 
representative (P, A, u) of W, and hence deg w (z) is well-defined. Furthermore, it 
follows from |JT1 Theorem 2.2] that deg^ takes on nonnegative values. We define 
the (total) degree ofW to be 

(2.18) deg(W) :=^de gly (z). 

zee 

(Only finitely many terms in this sum are non-zero, hence the sum makes sense.) 
This number is proportional to the energy of W: 

24. Proposition. We have 

(2.19) E(W) = 7rdeg(W). 

Proof of Proposition [24l We choose a representative w :— (P,A,u) of W 
and a smooth section a : C —> P as in Proposition l70l in Appendix lA.il We denote 
v := u o a : C — >• C. Let R > be so large that v(z) =^ if \z\ > R. We denote 
by r the radial coordinate in M = C and by 7 the standard angular one-form on 
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K 2 \ {O}0 The one-form a := ^7 is a primitive of uj , and therefore, by Stokes' 
theorem, 



(2.20) / v*lj = / v*a. 

Jb r js x r 

By elementary arguments, we have 

f v* 7 = 2ndeg (sfc 9 * G S 1 ) = 2rr £ degjz) = 27rdeg(^). 

(Here in the last equality we used the assumption that v(z) ^ if \z\ > R.) It 
follows that 

(2.21) it deg(W) min \v (z)\ 2 < / w*a < irdeg{W) max |w(z)| 2 . 

On the other hand, using the estimates E{w) < oo and |/iou| < -y/e^J, Lemma [72l in 
Appendix IA. II implies that \/i o v(Rz)\ = ^(1 — |w(i?z)| 2 ) converges to 0, uniformly 
in z e S 1 , as R ->• oo. Combining this with (|2.21I2.20IA.1|) . equality (|2~Tg|) follows. 
This proves Proposition [24j □ 

This result has the following consequence. 

25. Corollary. Let w := (P, be a smooth vortex over C with positive 
and finite energy. Then the image of u contains the open unit ball B\ C C. 



Proof of Corollary [251 Consider the set 

X :={\u(p)\\peP}. 

This set is connected, and hence an interval. Since E(w) < oo, for every r < 1 
there exists a point p G P such that |w(p)| > r. On the other hand, positivity of 
the energy and Proposition [2U imply that u vanishes somewhere. It follows that X 
contains the interval [0, 1). Since the image of u is invariant under the S^-action, 
it follows that it contains the ball B\. This proves Corollary [25] □ 

Proposition [23] and Corollary [25] imply that the image of u equals B\ , for 
every smooth vortex over C with positive and finite energy. Fix now d G No- We 
denote by Sym d (C) the G?-fold symmetric product. By definition this is the quotient 
topological space for the action of the symmetric group Sd on C d given by 

a ■ (z 1: ...,Zd):= (z CT -i(i), • ■ • , Zff-i(d))- 

. d 

We identify Sym (C) with the set Sym (C) of all maps m : C — > No such that 
m(z) for only finitely many points z G C, and 

(2.22) ^m(z)=d, 

zee 

by assigning to z := [z±, . . . , zj] G Sym rf (C) the multiplicity map m z : C — > No, 
given by 

m z (z) := #{i G {1, . . . ,d}\zi = z). 
We can now characterize vortex classes with energy d?r as follows. 
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By our convention this form integrates to 2tt over any circle centered at the origin. 
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26. Proposition. The map 

(2.23) M d := {W £M\ E(W) = dir} 3 W H> deg^ G Sym d (C) = Sym rf (C) 
is a bijection. 

Proof of Proposition UHl This follows from |JT[ Chap. Ill, Theorem 1.1]. 

□ 

As a consequence of Proposition [26] we obtain a classification of stable maps 
in the sense of Definition [15] in the present setting: Here the symplectic quotient 
M = /i _1 (0)/S' 1 consists of a single point, the orbit S 1 C M = C. Hence every 
holomorphic sphere in M is constant. Stable maps are thus classified in terms of 
their combinatorial structure (To, T\ , , E) , the location of the special points, and 
for each a £ Ti, a point in some symmetric product of C. 

Convergence to a stable map is explicitly described by the following result. 
Here we will use the inclusion 

(2.24) i d : Uo<d'< d Svn/(C) Sym d (S 2 ), 
Ld([zi,...,Zd>]) := [zi,...,z^,oo,...,oo], 

where we identify S 2 = C U {oo}. We drop the constant maps to the symplectic 
quotient from the notation for a stable map, since no information gets lost. 

27. Proposition (Convergence in the Ginzburg-Landau setting). Let k £ N , 
for v £ N let W„ € -M <00 be a vortex class and z", . . . , z u k £ C be points, and let 

(W,z) := ^T), T\. Too, -E, (W a ) a gTi > {Za/3)aE/3i ( a i, z i)i=0,...,kj 

be a stable map. Then the following conditions are equivalent. 

(i) The sequence (W v , Zq := oo, z", . . . , zfy converges to (W, z). 

(ii) For large enough v we have 

(2.25) deg(W„) = £ deg(lT Q ) =: d. 

Furthermore, there exist Mobius transformations ip v a : S 2 — > S* 2 for a £ T 
and such that conditions (|iliiliv[) of Definition [2UJ are satisfied, and for 

every a £ Ti the point in the symmetric product deg^ oip^, £ Sym d (C) C 
Sym d (S 2 ) converges to Ld(deg Wa ) £ Sym d (S 2 ), as v — > oo. 

The proof of Proposition [57] is based on Proposition [37] (Compactness modulo 
bubbling and gauge) in Section 12.51 below, and will be given in Section 12.81 

28. Example. Let k := 0, and for v £ N let W y e jVi 7 be the unique vortex 
satisfying 

deg w „(-2-i) = l, deg w „(3 + 4i) = 2, &eg w „{vj v ) = 4. 
Let Wi £ M3 be the unique vortex satisfying 

deg Wi (-2-i) = l J de gw/l (3 + 4 2 ) = 2, 
and W2 £ M4 be the unique vortex satisfying 

deg W2 (0)=4. 
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Then {W u ,Zq := oo) converges to the stable map consisting of the sets To := 0, 
Ti := {1,2}, T^ := {0}, the tree relation E := {(1, 0), (0, 1), (2, 0)^(0, 2)}, the 
vortices W\ and W2, the unique constant J-holomorphic sphere Uq in M, the nodal 
points zi := z 2 o '■= 00, z i := 1, z 02 := 2 € 5 2 = C U {00}, and the marked point 
(a , 2o) : = (0, 00) € T x S" 2 . This follows from Proposition |2"T1 

It follows from this example that in general, the additional marked points 
Zq := 00 are needed in the bubbling result, Theorem [3] Without these points, no 
subsequence of W v as above converges to a stable map0 This follows from an 
elementary argument. □ 

2.4. The action of the reparametrization group 

This section covers an additional topic, which will not be used in this memoir, 
but will be relevant in a future definition of the quantum Kirwan map. Namely, we 
introduce a natural group of reparametrizations and show that this group acts freely 
on the set of simple stable maps consisting of vortex classes over C and pscudo- 
holomorphic spheres in the symplectic quotient. The relevance of this result is the 
following. For the definition of the quantum Kirwan map it will be necessary to 
show that a certain natural evaluation map on the set of vortex classes over C (see 
[Zill Proposition 6.1] and )Zi4| ) is a pseudo-cycle. This will rely on the fact that 
its omega limit set has codimension at least two. In order to show this, one needs 
to cut down the dimension of each "boundary stratum" by dividing by the action of 
the reparametrization group. Heuristically, the freeness of the action of this group 
implies that the quotient is a smooth manifold, hence providing a meaning to this 
procedure. 

We fix finite sets To,Ti,Too and a tree relation E on the disjoint union T := 
ToTJTiTJTqo. We define the reparametrization group Gt as follows. We define 
Aut(T) :— Aut(T , Ti, Too, TJ) to be the subgroup of all automorphisms / of the 
tree (T,E), satisfying /(T) = T u for i = 0,1, 00. We denote by PSL(2,C) the 
group of Mobius transformations and by 7c the group of translations of the plane 
C. We define 

Ant •= J Tc ' if «eTi, 

\ PSL(2,C), if a G T U Too. 

We denote by Autr the set of collections (ip a ) a£ T, such that ip a € Aut a , for every 
a e T. The group Aut(T) acts on Aut T by 

/ ' (^a)aeT := ( ( P/-i(a))aST- 

29. Definition. We define Gt ■= Gt^TlT^.e to be the semi-direct product 
of Aut(T) and Aut^ induced by this action. 

The group PSL(2,C) acts on the set of J-holomorphic maps S 2 — > M by 

<P*f '■= f ol P- 

Furthermore, the group 7c acts on the set A4<oo as in (|2 . 13|) . By the combinatorial 
type of a stable map (W,z) as in (|2 . 6[) we mean the tuple (To, Ti, Too, Ej . We 
denote by 

M(T) -.^M^T^T^E) 



For this statement to make sense, here we adjust the notion of "stable map" by discarding 
the marked point (aoi^o). 
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the set of all stable maps of (combinatorial) type T. Gt acts on Ai{T) as follows. 
For every (/, {ip a )) € Gt and (W,z) G M{T) we define 

w ' a '■= Va G Ti, u' a := u a o v?/( Q ), Va € T^,. 

z ' a p ■= Pj(a) (*/(<*)/(«), VaE0, 
a i := i/T/O^), Vi = 0,...,fc. 

(Here we set Wq := u„ if a G Too- Furthermore, for (p G 7c we set y(oo) := oo.) 

30. Definition. We define 

(/, (^ a ))*(W, Z) := (Tq, T^T^E, (Oaffi^Oae^^^)^, (aj, ^)i=0,...,fc) • 

This defines an action of Gt on A4(T). Let now (M, J) be an almost complex 
manifold. Recall that a J-holomorphic map u : S 2 — > M is called multiply covered 
iff there exists a holomorphic map ip : S 2 —> S 2 of degree at least two, and a 
J-holomorphic map t> : S 2 — > M, such that u = voip. Otherwise, u is called simple. 

We call a stable map (W, z) simple iff the following conditions hold: For every 
a G Too the J-holomorphic map M a is constant or simple. Furthermore, if a, ft G Ti 
are such that a ^ (3 and i?(W Q ) 7^ 0, and </? G 7c, then <P*W a ^ Wjg. Moreover, if 
a, /3 G Too are such that a ^ /? and u Q is nonconstant, and if y G PSL(2,C), then 
u a o ip ^ up. We denote by 

M*(T) :=M*(T ,T 1 .T oo ,E) C M(T) 

the subset of all simple stable maps. The action of Gt on A1(T) leaves M.*(T) 
invariant. 

31. Proposition. The action of Gt on M*(T) is free. 
The proof of this result uses the following lemma. 

32. Lemma. The action of T; on A / i<oo is free. 

Proof of Lemma [32l Assume that W is a smooth vortex class over C and 
v G C is a vector, such that defining : C — >• C by p(z) :— z+v, we have ip*W = W . 
Then ew(z + nv) = eyy(z) for every z G C and n G Z. It follows that Tv(W) = 00, 
eiy = 0, or v — 0. Lemma I3"2l follows from this. □ 

PROOF of Proposition [3TJ This follows from an elementary argument, us- 
ing the stability condition (fivl) . Lemma [32] and the fact that every simple holomor- 
phic sphere is somewhere injective (see |MS2| Proposition 2.5.1]). □ 

33. Remark. The action of 7c on A / l< o extends to an action of the group 
Isom + (C) of orientation preserving isometries of C. Hence one may be tempted to 
adjust the definition of the reparametrization group Gt and its action on Ai*{T) 
accordingly. However, for the purpose of defining the quantum Kirwan map, this is 
not possible. The reason is that in general there is no continuous evaluation map 
on .M<oo that is invariant under the action of Isom + (C). By definition such an 
evaluation map ev assigns a point in the Borel construction (M x EG) /G to each pair 
(W, z) , where W is a vortex class and z G C, in such a way that noev(W, z) G uy/ (z) . 
Here uw is defined as in (|2.2p and 7r : (M x EG) /G — > Mj G denotes the canonical 
projection. Hence when studying the vortex equations over C we need to restrict 
our attention to a subgroup of the group of global symmetries of the equations. 
This is a crucial difference between vortices and pseudo-holomorphic curves. 
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Note also that the action of Isom + (C) on the set of vortex classes of positive 
energy is not always free, as the next example shows. □ 

34. Example. Consider the action of G := S 1 C C on AI := C by multipli- 
cation. Let d € No be an integer. By Proposition l26l there exists a unique finite 
energy vortex class W over C such that 



For every rotation R E SO(2) we have 

de Si?*w/ = R * de Sw = de Sw> 

where SO(2) acts in a natural way on Sym d (C). Thus the action of Isom + (C) on 
the set of vortex classes of positive energy is not free. □ 

2.5. Compactness modulo bubbling and gauge for rescaled vortices 

In this section we formulate and prove a crucial ingredient (Proposition |3"7| of 
the proof of Theorem [3] which states the following. Consider a sequence of rescaled 
vortices over C with image in a fixed compact subset of M and uniformly bounded 
energies. We assume that (M, w) is aspherical. Then there exists a subsequence 
that away from finitely many bubbling points and up to regauging, converges to 
a rescaled vortex over C. If the rescalings converge to oo, then the limit object 
corresponds to a J-holomorphic sphere in M. 

The proof of this result is based on compactness for rescaled vortices over the 
punctured plane with uniformly bounded energy densities (Proposition 1381 below) . 
It also uses the fact that at each bubbling point at least the energy E m i n > is 
lost, which is the minimal energy of a vortex over C or pseudo-holomorphic sphere 
in M. This is the content of Proposition 00] below, which is proved by a hard 
rescaling argument, using Proposition 1381 and Hofer's lemma. Another ingredient 
of the proof of Proposition [37] is Lemma [42] below, which says that the energy 
densities of a convergent sequence of rescaled vortices converge to the density of 
the limit. 

In order to explain the main result of this section, let M, w, G, g, (•, -) g , /x, J, 
£, j, and tdj be as in Chapter Q] We fix a triple w — (P, A, u) £ (defined as in 
(|1-7[1 ). Recall the definition (jl.lip of the energy density J = e w . 

35. Remark. This density has the following transformation property: Let E' 
be another surface, and ip : E' — > S a smooth immersion. Consider the pullback 



where the bundle isomorphism $ : (p*P — > P is defined by &(z,p) := p. A straight- 
forward calculation shows that 



Note also that w is a vortex with respect to (ajg, j) if and only if tp*w is a vortex 
with respect to (we, j)- Q 

36. Remark. If w is a vortex (with respect to (cj£, j)) then 




ip*w := 



(</j*P,$M.,uo$), 



(2.26) 



,P*(w£,j) 



(2.27) 



C= J = \dj, A u\ 2 + \^ou\ 2 



:S2 
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where Dj^au denotes the complex linear part of cLau = du + L U A, viewed as a 
one- form on E with values in the complex vector bundle (u*TM)/G — > E0 This 
follows from the vortex equations (|1.8I1.9I) . □ 

Let R € [0,oo] and w G Bs. Consider first the case < R < 00. Then we 
define the R-energy density of w to be 

(2.28) el := R 2 e^K 

This means that 

(2-29) el = \ (\d A u\l s + R- 2 \F A \l s + R 2 \»o u\ 2 ) , 

where the subscript "ojs" means that the norms are taken with respect to the metric 

If R = or 00 then we define 

e£:= l\d A u\l s . 

We define the R-energy of w on a measurable subset X C E to be 

(2.30) E R (w,X) := / e^ s G [0,oo]. 

Jx 

Remark. Consider the case (E, j) = C, equipped with the standard area form 
luq. Assume that < R < 00, and consider the map ip : C — > C defined by 
(p(z) := Rz. Then equality (|2.26p implies that 

e R , = R 2 e u "" 1 o in 

Hence in the present setting the i?-energy transforms via 

E R (ip*w,ip- 1 (X)) = E(w,X) := E 1 {w,X).U 

The (symplectic) R-vortex equations are the equations (|1.8I1.9[) with re- 
placed by R 2 lo-£, i.e., the equations 

(2.31) Bj, A (u) = 0, 

(2.32) F A + R 2 {fiou)ujj: = 0. 
In the case R = 00 we interpret the equation (|2.32[) as 

fx o u = 0. 

We call a solution (A, u) g W£ of equations (12.3112.321) an R-vortex over £. 

Remarks. Consider the case (E, j) = C, equipped with ljq, and let < R < 00. 
We define the map ip : C — > C by <y?(z) := -Rz. Then w G £?c is a vortex if and only 
if ip*w is an i?-vortex. 

The rescaled energy density has the following important property. Let R v G 
(0,oo) be a sequence that converges to some i?o € [0,oo], and for v G No let 
w v = (P„, A V1 u v ) be an J^-vortex. If on compact sets A v converges to A in C° 
and u v converges to u in C 1 then 

e R » ->■ e R ° 

in C° on compact sets. (See Lemma[42l below.) In the proof of Theorem[3l this will 
be used in order to show that locally on C no energy is lost in the limit v — > 00. □ 



^The complex structure on this bundle is induced by J. 
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We define the minimal energy E m - m as follows. Recall from (|1.15|) that M. de- 
notes the class consisting of smooth vortices, and that the energy of a J-holomorphic 
map / : S 2 -> M is given by E(f) = J s2 f*ZJ. We defin(£3 

(2.33) E 1 := inf ({E(P, A, u) \ (P,A,u) £ M : u{P) compact} n (0,oo)), 
E x := inf ({E(f) \ f € C°°(S 2 ,M) : Bj(f) = 0} n (0,oo)), 

(2.34) E min :=min{Ei,E 00 }. 

Assume that M is equivariantly convex at oo. Then Corollary [73] in Appendix lA.il 
implies that E± > 0. Furthermore, our standing assumption (H) implies that M is 
closed. It follows that E^ > 00 Hence the number E m j n is positive. 

Remark. The infima (|2.33|) and (|2.34|) are attained, and hence the name "min- 
imal energy" for E m i n is justified. (This fact is not used anywhere in this memoir.) 
That (|2.34p is attained follows from the fact that for every C £ K there exist 
only finitely many homotopy classes B £ Ti2 (M) with (\uJ],B) < C that can be 
represented by a J-holomorphic map S 2 —> A/0 That (|2.33l) is attained follows 
from the fact that for every Cel there exist only finitely many homology classes 
B £ iJ 2 G (M,Z) with ([u - n},B) < C that can be represented by a finite energy 
vortex whose image has compact closure. This is a consequence of Theorem [3] and 
[Zill Proposition 5.4] (Conservation of equivariant homology class). □ 

The results of this and the next section are formulated for connections and maps 
of Sobolev regularity. This is a natural setup for the relevant analysis. Furthermore, 
we restrict our attention to the trivial bundle E x 

We fix p > 2 and naturally identify the affine space of connections onSxG 
of local Sobolev class W^j? with the space of one-forms on E with values in q, of 
class WL'g . Furthermore, we identify the space of G-equivariant maps from E x G 
to M of class WQl with W^(E,M). Finally, we identify the gauge groupE3 on 
E x G of class W 2 ^ with W?*(E, G). We denote 

VVs :=^(E, ) x C°°(E,M), 

W£ := {one-form on E with values in g, of class W^} x W£*(E, M). 

The gauge group (E, G) acts on W£ by 

g*(A,u) := (Adg-iA + g^dg^^u), 

where Ad go : g — > g denotes the adjoint action of an element go £ G. For r > we 
denote by B r C C the open ball of radius r, around 0. 

37. Proposition (Compactness modulo bubbling and gauge). Assume that 
(M, v) is aspherical. Let R v e (0, oo) be a sequence that converges to some R a G 
(0, oo], r v £ (0, oo) a sequence that converges to oo, and for every v £ N let 
w v = {A Ul u,y) £ Wg r be an i?„-vortex (with respect to (ujq, i)). Assume that there 



"Here we use the convention that inf = oo. 
17 See e.g. |MS2I Proposition 4.1.4]. 

!^This is a corollary to Gromov compactness, see e.g. [MS21 Corollary 5.3.2]. 
^Since every smooth bundle over C is trivializable, this suffices for the proof of the main 
result. 

2 ^Recall that throughout this memoir, p < oo, unless otherwise stated, 
i.e., the group of gauge transformations 
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exists a compact subset K C M such that u u {B rv ) C if, for every v. Suppose also 
that 

sup E Ru B Tv ) < oo. 

Then there exist a finite subset Z C C, an i?o-vortex wo :— (Aq, uq) € Wc\z, and, 
passing to some subsequence, gauge transformations g v € W,^ (C\ Z, G), such that 
the following conditions hold. 

(i) If i?o < oo then Z = and the sequence gl(Ay,Uy) converges to wo in C°° 
on every compact subset of C. 

(ii) If Rq = oo then on every compact subset of C\Z, the sequence g* v A v converges 
to A in C°, and the sequence g~ 1 u u converges to u in C 1 . 

(iii) Fix a point z£Z and a number £o > so small that -B eo (z) HZ = {z}. Then 
for every < e < So the limit 

E z (e) := lim E R " (w v , B £ (z)) 

exists and 

E z (e) > Emin ■ 

Furthermore, the function (0,£o) Ben- E z (e) G [E m i n ,oo) is continuous. 

Remark. Convergence in conditions (lilii[) should be understood as convergence 
of the subsequence labelled by those indices v for which B rv contains the given 
compact set. □ 

This proposition will be proved on page The strategy of the proof is the 
following. Assume that the energy densities e Rv are uniformly bounded on every 
compact subset of C. Then the statement of Proposition |37] with Z = follows 
from an argument involving Uhlenbeck compactness, an estimate for dj, elliptic 
bootstrapping (for statement (P), and a patching argument. 

If the densities are not uniformly bounded then we rescale the maps w v by 
zooming in near a bubbling point zq in a "hard way" , to obtain a positive energy 
i?o-vortex in the limit, with Rq £ {0, 1, oo}. If Rq < oo then Rq = 0, and we obtain 
a J-holomorphic sphere in M. This contradicts symplectic asphericity, and thus 
this case is impossible. 

If Rq — oo then either Rq = 1 or Rq = oo, and hence either a vortex over C 
or a pseudo-holomorphic sphere in M bubbles off. Therefore, at least the energy 
E m in is lost at zo. Our assumption that the energies of w v are uniformly bounded 
implies that there can only be finitely many bubbling points. On the complement 
of these points a subsequence of w v converges modulo gauge. 

The bubbling part of this argument is captured by Proposition 0D] below, 
whereas the convergence part is the content of the following result. 

38. Proposition (Compactness with bounded energy densities). Let Z C C be 
a finite subset, R v > be a sequence of numbers that converges to some Rq G [0, oo], 
^i ^ ^2 C . . . C C \ Z open subsets such that [j v fi„ = C \ Z, and for v e N let 
w v = {u v . Ay) € WfJ \>e Qx\ Ry-NOxX&yi. Assume that there exists a compact subset 
K C M such that for v large enough 

(2.35) Uy{Qy) C K. 

Suppose also that for every compact subset Q C C \ Z, we have 

(2.36) sup{||e^|Uoo (Q) |i/GN: QC!1„} < oo. 
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Then there exists an i?o-vortex wo '■= (Aq,uq) G Wc\z, an d passing to some 
subsequence, there exist gauge transformations g u G W^(C \Z,G), such that the 
following conditions are satisfied. 

(i) If i?o < oo then g*w u converges to wq in C°° on every compact subset of 
C\Z. 

(ii) If Rq = oo then on every compact subset of C \ Z, g„A u converges to Aq in 
C , and g^Uv converges to uq in C . 

The proof of this result is an adaption of the argument of Step 5 in the proof 
of Theorem A in the paper by R. Gaio and D. A. Salamon |GSj . The proof of 
statement Q is based on a compactness result for the case of a compact surface E 
(possibly with boundary). (See Theorem [78] in Appendix lA.il That result follows 
from an argument by K. Cieliebak et al. in jCGMS ].) The proof also involves a 
patching argument for gauge transformations, which are defined on an exhausting 
sequence of subsets of C \ Z. 

To prove statement ([nj , we will show that curvatures of the connections A v are 
uniformly bounded in W ' p . This uses the second rescaled vortex equations and 
a uniform upper bound on /i o u v (Lemma [75] in Appendix IA.1[) , due to R. Gaio 
and D. A. Salamon. The statement then follows from Uhlenbeck compactness with 
compact base, compactness for dj, and a patching argument. 

Proof of Proposition [33 We may assume w.l.o.g. that there exists a G- 
invariant compact subset K C M satisfying (|2 . 35|) . (To see this, we choose a 
compact subset K satisfying this condition and consider the set GK.) We choose 
io G N so big that the balls Bi/ io (z), z E Z, are disjoint and contained in B io . For 
every i £ No we define 

X* :=B i+io \\jB^(z)CC. 

I+IQ 

zez 

We prove statement ([]]). Assume that Rq < oo. Using the hypotheses 
(|2.35I2.36|) . it follows from Theorem [751 in Appendix [O (with E := X 2 ) that 
there exist an infinite subset I 1 C N and gauge transformations g\ € W 2 ' P (X 1 , G) 
(y £ I 1 ), such that X 1 C Q„ and 

wl := (Alui) := (<£)*(«>„ I* 1 ) 

is smooth, for every v £ I 1 , and the sequence (wl) veI i converges to some i? -vortex 
w 1 e W x i, in C°° on X 1 . 

Iterating this argument, for every i > 2 there exist an infinite subset P C P^ 1 
and gauge transformations g\, € W 2 ' p (X l , G) (v E P), such that X 1 C £l v and 

wl := (Alut):= (gl)*(w„\X*) 

is smooth, for every v e P , and the sequence (wD^^ji converges to some i?o _v ortex 
w l e VV x i, in C°° on X 1 . 

Let i G N. For every v G P we define h\, := (gl +1 \X t )~ 1 gl. We have 
(/ij / )*(Aj+ 1 |A" i ) = A\,. Furthermore, the sequences (Af+ 1 ) I/eJ i + i and (Ai) ueI i+i 
are bounded in W k,p on X 1 , for every k £ N. Hence it follows from Lemma [1141 
(Appendix IA.7|) that the sequence (^)fe-r i+1 i s bounded in W k - p on X z , for every 
k G N. Hence, using Morrey's embedding theorem and the Arzela-Ascoli theorem, 
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it has a subsequence that converges to some gauge transformation h % £ C°°(X J , G), 
in G°° on X\ Note that 

(2.37) (h l )*(w l+1 \X l ) = w\ 

We choose a map p l : X l+1 -> X 1 such that p* = id on X i_1 . We define^ fc 1 := /i 1 , 
and recursively, 

(2.38) k l := h'ik 1 - 1 o p 1 - 1 ) eC°°(X\G), Vi > 2. 
Using (|2.37l) and the fact p 4-1 = id on X 1-2 , we have, for every i > 2, 

(k z )*w %+1 = {k 1 - 1 o p 4 - 1 )*^ 4 = {k l - l )*w\ on X 1 - 2 . 

It follows that there exists a unique w £ Wc\z that restricts to (k 1+1 )*w' l+2 on 
X J , for every t S N. Let i e N. We choose vi £ P +1 such that Vi> i and a map 
t 1 :C\Z ^ X' 1 that is the identity on X i_1 . We define 

5i := te+¥)oT'Gr(C\Z,G). 

The sequence converges to w, in C°° on every compact subset of C\Z. (Here 

we use the C°° -convergence on X % of (w l v ) v< zji to w l and the facts Xi C X^ C • • • 
and UieN^i = C \ Z.) Statement (0) follows. 

We prove statement ((TTJ) . Assume that Ro = oo. 

1. Claim. For every compact subset Q C C \ 2 we have 

(2.39) sup{||JUj|i, W) |i/eN: Q C fi„} < oo. 

Proof of Claim [TJ Let O C C be an open subset containing Q such that f2 
is compact and contained in C \ Z. Hypothesis (|2.36p implies that 

(2.40) sup ||rfA„Wi/|lioc(Q) < oo. 

It follows from our standing hypothesis (H) that there exists S > such that G 
acts freely on 

K := {x£ M | \n{x)\ < 6}. 

Since p is proper the set K is compact. Recall that L x : g —> T X M denotes the 
infinitesimal action at s. It follows that 



(2.41) sup 



x £ K, Q^^£q \ <oo 



Ml 

Using the second R v - vortex equation, we have 

\^oUu\ < — • 

Hence by hypothesis (|2.36|) and the assumption R v — > oo, we have Wi/||l=(si) < 
5, for v large enough. Using (|2.40I2.41[) . Lemma [75] in Appendix I A. 1 1 implies that 

supi^H/io u v \\ LP (q) < oo. 

Estimate (|2.39[) follows from this and the second -R^-vortex equation. This proves 
Claim [Q □ 



22' 



This patching construction follows the lines of the proofs of IFrll Theorems 3.6 and A. 3]. 
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Using ClaimHJ Theorem lll2l (Uhlenbeck compactness) in Appendix I A . 71 implies 
that there exist an infinite subset I 1 C N and, for each v £ I 1 , a gauge transforma- 
tion gl £W 2 ' P (X\G), such that X 1 C Q„ and the sequence A* := (gl)*(A u \X 1 ) 
converges to some M^ 1,p -connection A 1 over X 1 , weakly in W x ' p on X 1 . By Morrey's 
embedding theorem and the Arzela-Ascoli theorem, shrinking / , we may assume 
that A\ converges (strongly) in C° on X 1 . 

Iterating this argument, for every i > 2 there exist an infinite subset P C P^ 1 
and gauge transformations g\, £ W 2 ' P (X 1 ,G), for v £ P, such that X 1 C Q, v , 
for every v £ P, and the sequence A\, :— (gl)* (A v \X l ) converges to some W 1,p - 
connection A 1 over X 1 , weakly in W 1 ^ and in C° on X % . 

Let i £ N. For v £ P we define h l v := (g]^ rl \X l )~ 1 g' l u . An argument as in 
the proof of statement (0) , using Lemma 11141 (Appendix IA.7|) , implies that the 
sequence (/ij,)„ e /i has a subsequence that converges to some gauge transformation 
h l £ W 2 > P {X\ G), weakly in W 2 > p on X\ 

Repeating the construction in the proof of statement (0) and using the weak 
W 1,p - and strong C°-convergence of A % v on X 1 , we obtain an index i/j > i + 1 and a 
gauge transformation gi £ W 2 ' P (C \ Z,G), for every i £ N, such that v\ £ P +1 and 
g*A Vi converges to some W 1 '^-connection A over C\Z, weakly in W 1,p and in C° 
on every compact subset of C\Z. Passing to the subsequence we may assume 
w.l.o.g. that A v converges to A, weakly in W 1,p and in C° on every compact subset 
of C \ Z. 

2. Claim. The hypotheses of Proposition [TT51 (Appendix IA.71) with k = 1 are 
satisfied. 

Proof of Claim [5J Let ft C C \ Z be an open subset with compact closure, 
and i/o € N be such that fi C f2 Vo . Since the sequence (A^) converges to A, weakly 
in W 1,p (fi), we have 

(2.42) sup IIA^II^i.p^) < oo. 

v>v 

Condition (|A.56p is satisfied by assumption (12 .35[) . We check condition (|A.57|) : 

We denote by |f2| the area of O and choose a constant C > such that L x ^ < C|£|, 
for every x £ K and ^ £ q. For > Uq, we have 

||duj/||LP(n) < II^A^w^Hipfo) + ||i«„^4^||i»(n) 

(2.43) < lOlill^^llioo^) +C\\A4 LP{n) . 

Here the second inequality uses the hypothesis (j2.35[) . Combining this with (I2.36P 
and (|2.42[) . condition (IA.57|) follows. 

Condition (|A.58|) follows from the first vortex equation, (|2.42p . (|A.57|) . and 
hypothesis (|2.35l) . This proves Claim [2] □ 

By Claim [21 we may apply Proposition II 131 to conclude that, passing to some 
subsequence, u u converges to some map u £ W 2:P (C \ Z), weakly in W 2,p and in 
C 1 on every compact subset of C\Z. The pair w := (A,u) solves the first vortex 
equation. Furthermore, multiplying the second iJ^-vortex equation with R~ 2 , it 
follows that (j, o u — 0. This means that w is an oo-vortex. 

3. Claim. There exists a gauge transformation g £ W 2 ' P (C \ Z, G) such that 
g*(A,u) is smooth. 
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PROOF of Claim [3] Since C \ Z continuously deformation retracts onto a 
wedge of circles, and G is connected, there exists a continuous lift v : C\Z — > /i _1 (0) 
of Gu. By Proposition 11161 in Appendix IA.7I the map Gu : C \ Z — > M is J- 
holomorphic. Hence it is smooth. It follows that we may approximate v by some 
smooth lift v of Gu. We define g : C \ Z — » G to be the unique solution of 
g(z)v = u(z), for every z £ C\Z. Since the infinitesimal action at every x £ (0) 
is injective, the equation dj >g *A(g u) = and smoothness of v = g~ 1 u imply that 
g*A is smooth. This proves Claim [3] □ 

We choose g as in Claim [3] Regauging A v by g, statement §u§ follows. This 
completes the proof of Proposition [38] □ 

Remark. One can try to circumvent the patching argument for the gauge 
transformations in this proof by choosing an extension g\, of g\, to C\Z, and defining 
g v := ~g v v . However, the sequence (g v ) does not have the required properties, since 
g* v w v does not necessarily converge on compact subsets of C\Z. The reason is that 
for j > i the transformation g 3 v does not need to restrict to g\, on A 1 . □ 

39. Remark. It is not clear if in the case Rq = oo the g u 's can be chosen in 
such a way that glw u converges in C°° on every compact subset of C \ Z. To prove 
this, one approach is to fix an open subset of C with smooth boundary and compact 
closure, which is contained in C\ Z, We can now try mimic the proof of [CGMS 
Theorem 3.2]. In Step 3 of that proof the first and second vortex equations (and 
relative Coulomb gauge) are used iteratively in an alternating way. This iteration 
fails in our setting, because of the factor R 2 V in the second vortex equations, which 
converges to oo by assumption. □ 

The second ingredient of the proof of Proposition [37] says that if the energy 
densities of a sequence of rescaled vortices are not uniformly bounded on some 
compact subset Q, then at least the energy E m j n is lost in the limit, at some point 
in Q. Here E m j n is defined as in (12.341) . 

40. Proposition (Quantization of energy loss). Assume that (M, uj) is aspher- 
ical. Let C C be an open subset, < R v < oo a sequence such that inf^ R v > 0, 
and w u £ an i?„-vortex, for v £ N. Assume that there exists a compact subset 
K C M such that U U (Q) C K for every v and that sup^ E R " (w v ) < oo. Then the 
following conditions hold. 

(i) For every compact subset QCSlwe have 

supi?- 2 ||e^|| c o (Q) < oo. 

(ii) If there exists a compact subset QCO such that sup^ ||e^||c°(Q) = 00 then 
there exists zq £ Q with the following property. For every e > so small that 
B e (zo) C £1 we have 

(2.44) limsup£;^K,S £ (zo)) > E min . 

v— >-oo 

The proof of Proposition [40] is built on a bubbling argument as in Step 5 in the 
proof of [GS] Theorem A]. The idea is that under the assumption of we may 
construct either a J-holomorphic sphere in M or a vortex over C, by rescaling the 
sequence w v in a "hard way" . This means that after rescaling the energy densities 
are bounded. We need the following two lemmata. 
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41. Lemma (Hofer). Let (X, d) be a metric space, / : X — > [0, oo) a continuous 
function, x £ X, and <5 > 0. Assume that the closed ball B2s{x) is complete. Then 
there exists (, £ X and a number < e < <5 such that 

d(x, < 26, sup / < 2/(0, £/(£) > */(o!). 

PROOF. Sec MS2, Lemma 4.6.4]. □ 

The next lemma ensures that for a suitably convergent sequence of rescaled 
vortices in the limit v — > oo no energy gets lost on any compact set. Apart from 
Proposition QUI it will also be used in the proofs of Propositions [37] and [44j and 
Theorem [3] 

42. Lemma (Convergence of energy densities) . Let (E, wj, j) be a surface with- 
out boundary, equipped with an area form and a compatible complex structure, 
R v £ [0, oo), v G N, a sequence of numbers that converges to some Rq £ [0, oo], 
and for v £ No let w v := [A v ,u u ) £ W£ be an iJ^-vortex. Assume that on every 
compact subset of S, A v converges to Aq in C° and u v converges to uq in C . Then 
we have 

Rv v c Ro 



(2.45) e 
in C° on every compact subset of S. 



wo 



PROOF of Lemma 1421 In the case Rq < oo the statement of the lemma is a 
consequence of equality (|2.29[) and the second rescaled vortex equation (|2.32l) ■ 

Consider the case Rq = oo. It follows from our standing hypothesis (H) that 
there exists a constant 6 > such that G acts freely on 

K := {x € M | |^(x)| < 

Properness of /i implies that A' is compact. 

Let Q C S be a compact subset. The convergence of m„ and the fact /j,ou = 
imply that for ^ large enough, we have u v (Q) C A. Furthermore, our hypotheses 
about the convergence of and h„ imply that sup„ ||dA„^i/||c (Q) < 00 ■ Finally, 
since A is compact and G acts freely on it, we have 

xeK, 0=££€&\<oc 



Therefore, we may apply Lemma 1751 ( Appendix rA~Tj) , to conclude that 

2— a 

supA^ p \fi o Uy\ < oo. 
Q 

Since p > 2, R v — > oo, and e^ o = ^\d,A uo\ 2 , the convergence (|2.45[) follows. This 
completes the proof of Lemma [42] D 

In the proof of Proposition [40] we will also use the following. 

43. Remark. Let (A, u) £ be an oo-vortex, i.e., a solution of the equations 
9j,a( u ) — and fx o u = 0. Then by Proposition 11161 (Appendix IA.7[) the map 
Gu : C ->• M = m _1 (0)/G is J-holomorphic, and A°°(yl,u) = E{u). If this energy 
is finite, then by removal of singularities the map u extends to a J-holomorphic 
map u : S 2 -> M0 It follows that A°°(u;) > E min , provided that E ca {w) > 0. □ 



23 See e.g. |MS2I Theorem 4.1.2]. 
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Proof of Proposition 1401 We write (A v ,u v ) := w v . Consider the function 
/„ := \d,A„u u \ + R u \{i o u v \ : Q -t R. 

Claim. Suppose that the hypotheses of Proposition |4"01 are satisfied and that 
there exists a sequence z v G that converges to some z € ^, such that f u {z u ) — > 
oo. Then there exists a number 

(2.46) < r < limsup —A- (< oo) 

z;— >oo Jv\Zv) 

and an ro-vortex u>o G Wc, such that 

(2.47) < F°(w ) < Umsup^ fl -(^,S £ (2 )), 

for every e > so small that B e (zo) C f2. 

PROOF of the claim. Construction of r : We define := /^(^v) - ^. For 
v large enough we have B2$ v (z v ) C f2. We pass to some subsequence such that this 
holds for every v. By Lemma 1411 applied with (f,x,8) := (f u , z v ,8 u ), there exist 
Cv <= -E>2<5„ (zo) and s v <8 U , such that 

(2.48) \Cv-z v \ < 2«5„ 

(2.49) sup f v < 2/„(C„), 

(2.50) e v f v (C) > f v (z v )$. 

Since by assumption f v {zv) — > oo, it follows from (|2.48p that the sequence C, v 
converges to zq. We define 

c v ■= U(Cu), &v ■= {c v (z - £„) | z e o}, 

(p v :tl v ->Sl, <p v (z) := c~ 1 z + C„, 

i := V>V = (</£A,, w« ° w), ^ := c^-R,,. 

Note that w v is an i?„-vortex. Passing to some subsequence we may assume that 
R v converges to some r 6 [0, oo]. Since e v < 8 V = fu{z u )~2 , it follows from (12.50)) 
that f u {Zu) < fv{(,v)- It follows that the second inequality in (|2.46p holds for 
the original sequence. 

Construction of wo- We choose a sequence Sli C f2 2 C . . . C C of open sets 
such that \J V Q, u = C and £!„ C fi„, for every i/ G N. We check the conditions of 
Proposition[38]with these sets, Z := 0, and R v , w v replaced by R v , w v : Condition 
(12.351) is satisfied by hypothesis. 

We check condition (|2.36p : A direct calculation involving (|2.49|) shows that 

(2.51) I^a„""I + Rv\p° v-A = ° Pv < 2, onfl E „ c „(0). 

It follows from (|2.50j) and the fact f v {z u ) — > oo, that e v c v — > oo. Combining this 
with (|2.51[) . condition (12.36)) follows, for every compact subset QCC. 

Therefore, applying Proposition (35J there exists an ro-vortex wo — (Aq,uo) G 
Wc and, passing to some subsequence, there exist gauge transformations <?„ G 
W 2 ' P (C, G), with the following properties. For every compact subset Q QC, g* v A v 
converges to Aq in C° on Q, and g~ x u v converges to Uq in C 1 on Q. 

We prove the first inequality in (|2.47[) : By Lemma |4"21 we have 

( 2 - 52 ) 4:=ef^^eZ, 
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in C°(Q) for every compact subset QCC. Since 

ei(0) = c- a e ^(C„)>i 

it follows that e^° (0) > 1/2. This implies that E r °(w ) > 0. This proves the first 
inequality in (|2.47p . 

We prove the second inequality in (|2.47p : Let e > be so small that 
B s (z Q ) C fi, and 6 > 0. It follows from (|232)) that E r °(w ) < sup„ E R » (w v ). 
By hypothesis this supremum is finite. Therefore, there exists R > such that 
E ro (w X\B R ) < 5. Since 

E R "( Wl/ ,B c - lR (C u )) = E R "(w v ,B R ), 

the convergence (|2.52j) implies that 

(2.53) lim E^{w Vi B e -x R (&,)) = E r °(w ,B R ) > E ra (w ) - 6. 

On the other hand, since c„ — > oo and £ u Zo, for v large enough the ball B c -i fl (Ci/) 
is contained in B £ (zo). Combining this with (I2.53p . we obtain 

]imsup E R »(w u ,B e (z )) > E r °(w Q )-S. 

Since this holds for every 8 > 0, the second inequality in (|2.47[) (for the original 
sequence) follows. 

It remains to prove the first inequality in (12.46[) . i.e., that rg > 0. Assume 
by contradiction that tq = 0. For a map u £ C°°(C, M) we denote by 

E{u) := \ [ \du\ 2 



its ( Dirichlet- ) ener g vrl By the second i?-vortex equation with R := we have 
F Ao = 0. Therefore, by Proposition [115] (Appendix \KJ$ there exists h G C°°(C, G) 
such that /i*A = 0. By the first vortex equation the map u' :— ft.~ 1- ito : C — > M is 
J-holomorphic. Let e > be such that B e (zq) C f2. Using the second inequality in 
(ET4T1) . we have 

B«) = £; K) < Hmsup^K^^zo)). 

Combining this with the hypothesis sup„ E R " (w„, ft) < oo, it follows that the 
energy E(u' ) is finite. Hence by removal of singularitieQ, u' extends to a smooth 
J-holomorphic map v : S 2 — > M. By the first inequality in (|2.47[) we have 

v*lo = E(v) = E°{w ) > 0. 

This contradicts asphericity of (M, ui). Hence ro must be positive. This concludes 
the proof of the claim. □ 

Statement ([]]) of Propositionl40lfollows from the claim, considering a sequence 
z v £ Q, such that f v (z v ) = ||/y||c°(Q); an d using (|2.46p . 

We prove statement (JTTJ) . Assume that there exists a compact subset Q C 57 
such that sup„ ||e^||c°(Q) = °°- Let z v g Q be such that f v {z v ) — ► oo. We choose 
a pair (r ,Wo) as m the claim. Using the first inequality in (|2.47[) and Remark 1431 



2 ^Here the norm is taken with respect to the metric ui(-, J-) on M. 
25 see e.g. [MS2I Theorem 4.1.2] 
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(in the case ro = oo), we have E r °(wo) > E m i n . Combining this with the second 
inequality in (|2.47|) . inequality (|2.44|) follows. This proves (JnJ and concludes the 
proof of Proposition HOI D 



We are now ready to prove Proposition l37l (p. 
Proof of Proposition [371 We abbreviate e v := e R " v . 

Claim. For every £ g No there exists a finite subset Zi C C such that the 
following holds. If Rq < oo then we have Zi = 0. Furthermore, if \Zf\ < £ then we 
have 

(2.54) sup {||e v ||o°(Q) \ QQB r \<oc, 

for every compact subset Q C C \ Zi. Moreover, for every zq € Zg and every e > 
the inequality (|2.44j) holds. 

PROOF of the claim. For £ = the assertion holds with Zq := 0. We fix 
£ > 1 and assume by induction that there exists a finite subset Ze—\ C C such that 
the assertion with £ replaced by £ — 1 holds. If (|2.54[) is satisfied for every compact 
subset QCC \ Zt-i, then the statement for £ holds with Z( := Zt-\. 

Assume that there exists a compact subset Q C C\Ze-i, such that (|2.54|) does 
not hold. It follows from the induction hypothesis that 

(2.55) \Zt-i\>e-l. 

By statement (JTTJ) of Proposition l40l there exists a point z$ £ Q such that inequality 
pT44j) holds, for every e > 0. We set Z e := Zg-i U {z }. 

It follows from the fact that (I2.54|) does not hold and statement (JTJ) of Proposi- 
tion[40]that B,q = lim^^oo R u — oo. Furthermore, since z$ S Q C C \ Zi-\, (|2.55|) 
implies that \Z(\ > I. It follows that the statement of the claim for £ is satisfied. 
By induction, the claim follows. □ 

We fix an integer 

sup^ E r "{w v .B Tij ) 



> 



E„ 



-'min 

and a finite subset Z :— Ze C C that satisfies the conditions of the claim. It follows 
from the inequality (|2.44[) that £ > \Z\. Hence by the statement of the claim, the 
hypothesis (|2.36|) of Proposition [38] is satisfied with Vt w :— B Tv \ Z . Applying that 
result and passing to some subsequence, there exist an i?o~vortex wq € Wc\z an( i 
gauge transformations g v £ W^(C \ Z,G), such that the statements dlKI) of 
Proposition [37| are satisfied. (Here we use that Z = if Ro < oo.) 

We prove statement (pTI]). Passing to some "diagonal" subsequence, the limit 
lhn^oo E " {w v , B 1 / i (zf) exists, for every i e N and z € Z. Let now z € Z and 
e > 0. We choose ieM bigger than e _1 . For < r < R we denote 

A(z,r,R) :=B R (z)\B r {z), 

By Lemma [42] the limit 

lim E R "(w u , A(z, l/i,e)) 
exists and equals E R °(wo, A(z, l/i,e)). It follows that the limit 

EJe) := lim E R »(w v ,B e (z)) 
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exists. Inequality (|2.44[) implies that E z (e) > E m i n . Since E R ° (w , A(z, e)) 
depends continuously on e, the same holds for E z (e). This proves statement fmj 
and completes the proof of Proposition [37J □ 

Remark. In the above proof the set of bubbling points Z is constructed by 
"terminating induction" . Intuitively, this is induction over the number of bubbling 
points. The "auxiliary index" t in the claim is needed to make this idea precise. 
Inequality (I2.44[) ensures that the "induction stops" . □ 

2.6. Soft rescaling 

The following proposition will be used inductively in the proof of Theorem [3] to 
find the next bubble in the bubbling tree, at a bubbling point of a given sequence of 
rescaled vortex classes. It is an adaption of [MS21 Proposition 4.7.1.] to vortices. 

44. PROPOSITION (Soft rescaling). Assume that (M, w) is aspherical. Let r > 0, 
z a e C, R v > be a sequence that converges to oo, p > 2, and for every v G N let 
w v := (A v ,Uu) € , z \ be an ^-vortex, such that the following conditions are 
satisfied. 

(a) There exists a compact subset if CM such that u u (B r (z )) C K for every v. 

(b) For every < e < r the limit 

(2.56) E{e) := lim E R "(w u ,BJz )) 

v— >oo 

exists and E m ; n < E(e) < oo. Furthermore, the function 

(2.57) (0,r] 3 e ^ E(e) G M 
is continuous. 

Then there exist R G {1, oo}, a finite subset Z C C, an i? -vortex wq := (A , u ) G 
Wc\z> an d, passing to some subsequence, there exist sequences e v > 0, z v G C, 
and G W 7 !^ (C \Z,G), such that, defining 

^„:C->-C, ^(z) :=£„z + 2„, 
the following conditions hold. 

(i) If Rq = 1 then Z = and #(iu ) > 0. If i? = oo and ^°°(w ) = then 
|Z|>2. 

(ii) The sequence z v converges to zq. Furthermore, if Rq — 1 then e v = R v 1 for 
every z/, and if Rq = oo then e„ converges to and e v R v converges to oo. 

(iii) If Rq = 1 then the sequence g*tp* v w u converges to wq in C°° on every compact 
subset of C\Z. Furthermore, if i?o = oo then on every compact subset of C\Z, 
the sequence g* v tp* v A v converges to Aq in C , and the sequence g^ x {u v o y> w ) 
converges to uq in C . 

(iv) Fix z *E Z and a number £o > such that B eo (z) C\ Z = {z}. Then for every 
< e < Eq the limit 

E z (e) := lim E S " R " { V * v w v , B e {z)) 

exists and E min < E z (e) < oo. Furthermore, the function (0,£q) 3 e h> 
E z (e) G K is continuous. 

(v) We have 

(2.58) lim limsup-E*" (w v ,B R -i(z ) \ Bju u (z v )) = 0. 
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Roughly speaking, this result states that given a sequence of "zoomed out" 
vortices for which a positive amount of energy is concentrated around some point 
zq, after "zooming back in", some subsequence converges either to a vortex over C 
or a holomorphic sphere in the symplectic quotient, up to bubbling at finitely many 
points. Furthermore, no energy is lost in the limit between the original sequence 
and the "zoomed in" subsequence. 

To explain this, note that condition (jbj in the hypothesis implies that given an 
arbitrarily small ball around the point zq, the energy of the vortex w v on the ball 
is bounded below by a positive constant arbitrarily close to E m i n , provided that v 
is large enough. This means that in the limit v — > oo, a positive amount of energy 
bubbles off around the point zq. It follows that there exists a sequence of points 
z v € C converging to zq, such that the energy density of w v at z v converges to oo. 

In the conclusion of the proposition, condition fnl says that we are "zooming 
in" around zq, and it specifies how fast we do so. Condition (pUl) states that the 
"zoomed in" subsequence converges to either a vortex over C or a holomorphic 
sphere in M , depending on how fast we "zoom back in" . Condition (jlj implies that 
the limit object is nontrivial or there are at least two new bubbling points. (The 
latter can only happen if the limit is a holomorphic sphere in M .) In the proof of 
Theorem [U this will guarantee that the new bubble is stable. 

Analogously to condition (fb"|). condition (fry]) implies that at each point in Z in 
the limit v — ¥ oo, at least the energy E m j n bubbles off in the sequence of rescaled 
vortices Lp* v w v . In the proof of Theorem[3J this will be used to prove that the induc- 
tive construction of the bubble tree terminates after finitely many steps. Finally, 
condition (jvj) will ensure that at each step no energy is lost between the old and 
new bubble. 

Remark. In condition (fm|) the pullback tp* v w v is defined over the set (p'J 1 (B r (zo)) . 
This set contains any given compact subset Q C C \ Z, provided that v is large 
enough (depending on Q). Hence condition (jm| makes sense. □ 

The proof of Proposition [44] is given on page [48j It is based on the following 
result, which states that the energy of a vortex over an annulus is concentrated 
near the ends, provided that it is small enough. For < r, R < oo we denote the 
open annulus around with radii r, R by 

A{r,R) := B R \ B r . 

Note that A(r, oo) = C \ B r , and A(r, R) = in the case r > R. We define 

d: M x M -)• [0, oo] 

to be the distance function induced by the Riemannian metric J-)0 We define 

(2.59) d: M/G X M/G ->• [0,oo], d{x,y) := min d(x,y). 

x£x,yey 

By Lemma lll8l in Appendix I A. 71 this is a distance function on M/G which induces 
the quotient topology. 

45. Proposition (Energy concentration near ends). There exists a constant 
ro > such that for every compact subset K C M and every e > there exists a 



2 ^If M is disconnected then d attains the value oo. 
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constant Eq, such that the following holds. Assume that r > ro,R < oo, p > 2, 
and w :— (A, u) € W^, r ^ is a vortex (with respect to (uq, i)), such that 

u{A(r,R)) C if, 

(2.60) = E(w, A{r, R)) < E . 
Then we havcQ 

(2.61) A(ar, a,- 1 R)) < A a -' 2+e E{w), Va > 2, 

(2.62) sup z , z , eA{ar , a - 1R) d{Gu{z),Gu{z')) < lOOa^/EH, Va > 4. 

(Here Gx € M/G denotes the orbit of a point x £ M .) 

The proof of this result is modeled on the proof of Zi2, Theorem 1.3], which in 
turn is based on the proof of [GS, Proposition 11.1]. It is based on an isoperimetric 
inequality for the invariant symplectic action functional (Theorem [82] in Appendix 
IA.2[) . It also relies on an identity relating the energy of a vortex over a compact 
cylinder with the actions of its end-loops (Proposition [83] in Appendix IA.2|) . The 
proof of (I2.62|) also uses the following remark. 

46. Remark. Let (M,(-,-)m) be a Riemannian manifold, G a compact Lie 
group that acts on M by isometries, P a G-bundle over [0. 1] . A 6 A(P ) a 
connection, and u £ Cq (P, M) a map. We define 

l{A,u) := [ \d A u\dt, 
Jo 

where d A u = du + L U A, and the norm is taken with respect to the standard metric 
on [0, 1] and (•, -)m- Furthermore, we define 

u : [0, 1] -> M/G, u(t) := Gu{p), 

where p G P is any point over t. We denote by d the distance function induced by 
(•, -)mi an d define d as in (|2.59j) . Then for every pair of points xq,xi £ M/G, we 
have 

d(x ,xi) < mi{£(A,u) \ {P,A, u) as above: u(i) = a;,, i = 0, l}. 
This follows from a straight-forward argument. □ 

PROOF of Proposition [45] For every subset X C M we define 
m x := inf {|L X ^| | x £ X, £ £ g : \£\ = l}, 
where the norms are with respect to lu(-, J-) and (•, -) B . We set 

(2.63) r :=m-i I(0) . 

Let K C M be a compact subset and e > 0. Replacing K by GK, we may 
assume w.l.o.g. that K is G-invariant. An elementary argument using our standing 
hypothesis (H) shows that there exists a number 6q > such that G acts freely on 
if':=M _1 (^o), and 

(2.64) m K , > Jl - |m M -i (0) . 



27 Note that for a > yfR/r we have A(ar, a _1 i?) = 0, hence (^2.81 12,621) are non-trivial only 
for a < -J / R/r. 

2 ^Such a bundle is trivializable, but we do not fix a trivialization here. 
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We choose a constant S as in Theorem [82] in Appendix IA.2I (Isoperimetric inequal- 
ity), corresponding to 



2-e 

Shrinking 5 we may assume that it satisfies the condition of Proposition [53] in 
Appendix IA.2I (Energy action identity) for K' . We choose a constant Eq > as in 
Lemma [72] in Appendix IA.1I (called Eq there), corresponding to K. We define 

(2.65) ^ :=min {^^'T£r. 

Assume that r, R,p, w are as in the hypothesis. Without loss of generality, we may 
assume that r < R. 

Consider first the case R < oo, and assume that w extends to a smooth vortex 
over the compact annulus of radii r and R. We show that inequality (12.611) holds. 
We define the function 

(2.66) E : [0, oo) — > [0, oo), E{s) := E(w, A{re s , Re~ s )) . 
Claim. For every s e [log2,log(i?/r)/2) we have 

(2.67) ^-E(s)<-(2-e)E(s). 

as 

Proof of the claim. Using the fact r > r Q and (|2.60I2.65[) . it follows from 
Lemma [721 in Appendix I A. 1 1 (with r replaced by \z\/2) that 

(2.68) e w (z) <mm jag,^-|— j, Vz e A(2r, R/2). 
We define 

S s := (s + logr, -s + logi?) x S 1 , Vs 6 M, 

y : So C, ip(z) := e z , u> := (A,u) :— tp*w. 

(Here we identify T, = C/ ~, where z ~ z + 2nin, for every n 6 Z.) Let so G 
[log(2r),log(i?/2)]. Combining (gljgj with the fact | A* ° m| < ^/e^J and Remark I46[ 
it follows that 

(2.69) u(s ,t)eK' = ^- 1 (B So ),yteS 1 , £(Gu(s , •)) < 6. 

Hence the hypotheses of Theorem [82] (Appendix lA.2j) are satisfied with K replaced 
by K' and c := 1/(2 — e). By the statement of that result the loop u(sq,-) is 
admissible, and defining 

fc an : S 1 -> S , «.«„(*) ■= (so,*) i 

we have 



(2.70) < J^^o d A u \\l + ^-h ouo ^o\\ 2 - 

Here „4 denotes the invariant symplectic action, as defined in Appendix IA.2I Fur- 
thermore, the L 2 -norms are with respect to the standard metric on S 1 = E/ (27rZ), 
the metric J-) on M, and the operator norm | • | op : g* K, induced by (■, -) B . 
By (|2.63|2.64j) and the fact 2r < e s °, we have 

(2.71) ^C d^l(t) + ^\^ouo Lso \\t)<^e 2 ^e w (e s ° +lt ), Vt e S 1 . 
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Here the norm | • |o is with respect to the standard metric on S 1 = W./(2irZ), and 
we used the fact that for every ip £ g* , 

Mop < M := Vf(0 

where £ € g is determined by (£, -) fl = (p. We fix s G [log2,log(i?/r)/2). Recalling 
(12.661) . we have 

E(s) = / e 2so eu; (e so+lt )*ds . 
is., 

Combining this with (|2.7QI2.71|) . it follows that 

(2.72) ->l(i- s+ iogH«0 +- 4 W+iog>) < -2Z~ e J- s E ( s )- 

Using (|2.69[) . the hypotheses of Proposition [S3] are satisfied with K replaced by K' . 
Applying that result, we have 

E(s) = -A(u*_ s+logR w) + A(i* s+logr w). 

Combining this with (|2.T2[) . inequality (|2.67[) follows. This proves the claim. □ 

By the claim the derivative of the function 

l 0g 2,^!^ 3s^E(s)e^ s 

is non-positive, and hence this function is non-increasing. Inequality (|2.61[) follows. 

We prove (gHH). Let z G A{4r, VrR). Using ([2~M]) and the fact E < E , it 
follows from Lemma [72] (with r replaced by \z\/2) that 

(2.73) e w (z)< -^E(w,B lzl {zj). 

We define a := \z\/(2r). Then a > 2 and B\ z y 2 ( z ) is contained in A(ar,a^ 1 R). 
Therefore, by (|2.61j) we have 

< 16r 2 - £ \z\~ 2+£ E(w). 

2 

Combining this with ()2.73[) and the fact IcUmK^) < i/2e u ,(z), it follows that 

(2.74) \d A u(z)v\ < Cr^ilz^+i y/E(w)\v\, Vz € A(4r, VrR), v e C. 
where C := 32/y / 7r. A similar argument shows that 

(2.75) \d A u(z)v\ < CR- 1+ % \z\~* y/E(w)\v\, Vz e A{V7r, R/A). 

Let now a > 4 and z,z' € A(ar, a~ 1 R). Assume that e < 1. (This is no real 
restriction.) We define 7 : [0, 1] — > C to be the radial path of constant speed, 
such that 7(0) = z and |7(1)| = \z'\. Furthermore, we choose an angular path 
7' : [0, 1] — » C of constant speed, such that 7'(0) = 7(1), 7'(1) = z', and 7' has 
minimal length among such paths. (See Figure [4]) 

Consider the "twisted length" of j*(A,u), given by 

/ \d A u 7(i) I eft. 
Jo 

It follows from (12.7412. 75[) and the fact s < 1, that this length is bounded above 
by 4CVE(w)a~ 1+e/2 - Similarly, it follows that the "twisted length" of 7'* (A, it) 
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FIGURE 4. The paths 7 and 7' described in the proof of inequality 
(gUl) (Proposition 145]) . 

is bounded above by Cit\J ' E(w)aT 1+£ / 2 . Therefore, using Remark 146} inequality 
(|2.62[) with e replaced by e/2 follows. 

Assume now that w is not smooth. By Theorem [75] in Appendix IA.1I the 
restriction of w to any compact cylinder contained in A(r, R) is gauge equivalent 
to a smooth vortex. Hence the inequalities (|2.61I2.62[) follow from what we just 
proved, using the G-invariance of K. 

In the case R = 00 the inequalities (|2.61l2.62j) follow from what we just proved, 
by considering an arbitrarily large radius R < 00. This completes the proof of 
Proposition 05] □ 

We are now ready for the proof of Proposition l44l (p. [43]) . 

PROOF of Proposition EU The function E as in (|2.57[) is increasing and, by 
hypothesis (0, bounded below by E m ; n . Hence the limit 



exists and is bounded below by E m i n . We fix a compact subset K C M as in 
hypothesis (jaj) . We choose a constant Eq > as in Lemma [72] in Appendix IA.ll 
(Bound on energy density), depending on K. Considering the pullback of w v by 
the translation by zq, we may assume w.l.o.g. that zq = 0. 

1. Claim. We may assume w.l.o.g. that 



Proof of Claim [TJ Suppose that we have already proved the proposition 
under this additional assumption, and let r, zq = 0,i?„,ui„ be as in the hypotheses 
of the proposition. We choose 0<r<r/4so small that 



(2.76) 



mo := lim E(e) 



(2.77) 



l|e^llco ( fl r ) =<:(0)- 



(2.78) 



E(4r) = lim E H " {w v ,B A? ) <m + E . 

v—too 
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For v GN we choose z v £ B 2 r such that 
(2-79) = \\e$,\\c°(B w y 

2. Claim. The sequence z v converges to 0. 

Proof of Claim [2J Recall that A(r, R) denotes the open annulus of radii r 
and R. Let < e < 2r . Inequality (|2.78[) implies that there exists v{e) £ N such 
that 



E R "(w v ,A(e/2,4r)) < E t 



o- 



for every v > v{e). Hence by Lemma [72] with r — e/2 we have 
(2.80) e «,( z )<™ ; \/ v >„( e ) VzGA(e,2r). 

TT£' L 

We define 



i ., , rn 

Oq := mm < 2r, e. 



64^0. 

Increasing v(s), we may assume that E R "(w v , Bs ) > mo/2 for every v > v(e), and 
therefore 

\\ e wJ\C°(B So ) > ~^T- 

Combining this with (|2.79I2.80[) and the fact So < 2r, it follows that z v € B e , for 
every v > v{e). This proves Claim [2j □ 

By Claim [5] we may pass to some subsequence such that \z u \ < r for every v. 
We define 

tp v :Bp^C, ip v (z) :— z + z v , w v := (A,u) := ip*w v . 

Then (|2.77p with w Ul r replaced by w Ul r is satisfied. By elementary arguments 
the hypotheses of Proposition [44] are satisfied with (w v , r, zq) replaced by (w„,f, 0). 
Assuming that we have already proved the statement of the proposition for uj„, 
a straight-forward argument using Claim [2] shows that it also holds for w u . This 
proves Claim [T] □ 

So we assume w.l.o.g. that (|2.T7[) holds. 

Construction of Ro, Z, and wo- Recall the definition (|2.76[) of mo, and that 
we have chosen Eq > as in Lemma [72] We choose constants ro and E\ as in 
Proposition [431 the latter (called Eq there) corresponding to the compact set K 
and e := 1. We fix a constant 

f EE 
(2.81) < 8 < min <^ m , 



We pass to some subsequence such that 

(2.82) E R " (w v , B r (0)) >m -S, \/v G N. 
For every v € N, there exists < e v < r, such that 

(2.83) E R "(w u ,B? v )=mo-5. 
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It follows from the definition of mo that 

(2.84) e v -> 00 
3. Claim. We have 

(2.85) inf t v R v > 0. 

V 

Proof of Claim [3j Equality (|2.77|) implies that 

(2-86) B fl -K,Sg-J<7r£2 e ^(0). 

The hypotheses R v — > oo, (jaj), and (JbJ) imply that the hypotheses of Proposition |4"01 
(Quantization of energy loss) are satisfied with Q := B r . Thus by assertion (JH of 
that proposition with Q := {0}, we have 

E>2 

inf -4^— > 0. 

Combining this with (|2.86I2.83[) and the fact <5 < mo, inequality (|2.85[) follows. This 
proves Claim [3l □ 

Passing to some subsequence, we may assume that the limit 

(2.87) R := lim e v R v € [0,oo] 

V— >OG 

exists. By Claim [3] we have Rq > 0. We define 

_ J (oo,e u ), if Rq = oo, 



(2 - 88) (Ro,e v ):-, (hR _^ otherwisej 

R v := s v R v , (p v : B £ -i r -> B r , ip u (z) := e u z, w v := (A y ,u v ) := ip* v w v . 

By Proposition |3"T1 with w u replaced by w v and r v :— rje v there exist a 
finite subset ZCC and an i?o _v ortex wq = (Aq,uq) £ Wc\z, and passing to some 
subsequence, there exist gauge transformations g v € W l ',?(C \ Z, G), such that the 
conclusions of that proposition hold. 

We check the conditions of Proposition 1441 with z v :— z : = 0: Condi- 
tion mdiil) holds by (12.8412. 8712.88^ . Condition mjlii]) follows from WW^i > an d 
condition I44l(f iv |) follows from E?7T|irIj) . 

We prove condition I44lf [vj ) : We define 

ip u ■ B R -i r -» B r , ip v (z) := R^z, w' v := ^>*uv0 
We choose < e < r so small that 

lim E R " (w u , B e ) < m + 

V— >oo Z 

Furthermore, we choose an integer vq so large that for v > uq, we have E Rv {w u , B e ) < 
m + Ex/2. We fix v > u . Using (|2.83|2.8ip . it follows that 

E(w' v ,A(e v R v ,eR v )) < E x . 



■^Otherwise, there exists a constant e > 0, such that passing to some subsequence, we have 
£ v > E. Combining this with l|2.83|l and considering the limit v — > oo, we obtain a contradiction 
to l TX76l 

In the case Rq = 1 we have tp v = <p v and hence w' v = w v . 
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It follows that the requirements of Proposition|45]are satisfied with r, R, w v replaced 
by maxjro, £„i?„}, eR„, w' v . Therefore, we may apply that result (with "e" equal 
to 1), obtaining 

E R "(w v , A(amax{R~ 1 r ,e v },a~ 1 e)) <Aa^ 1 E ll Va > 2. 

Using (12.8712. 88p and the fact z v = z = 0, the equality (|2.58[) follows. This proves 

HUH). 

To sec that condition I44| [[i|) holds, assume first that Ro = 1. Then Z = by 
statement (0) of Proposition [37J The same statement and Lemma 25] imply that 

E{w ,B 2Ra ) = Ym^E{w v ,B 2na ). 

It follows from the convergence e v Ru — > Ro > and (|2.83|2.81[) that this limit is 
positive. This proves condition l44l| i|) in the case Rq = 1. 

Assume now that i?o = oo and E°°(wo) — 0. Then condition I44[p ]) is a 
consequence of the following two claims. 

4. Claim. The set Z is not contained in the open ball B\. 

Proof of Claim [4j By |44Tjvj) (which we proved above) there exists R > so 

that 

(2.89) lim sup E R " (w„,A(Re„, R' 1 )) < S. 



(Here we used that zq = z v — 0.) Since Rq = oo, we have e v = e u . Hence it follows 
from (|2~%51l and f2~5Bl) that 

(2.90) lim E R » (w v , A(e u , R' 1 )) = E{R- X ) - m + 5. 

By the definition (I2.76|) of mo, the right hand side is bounded below by S. Therefore, 
combining ([2~5D| with (|2~%9")l . it follows that 

(2.91) liminf E r "(w v ,A(s v ,e u R)) > 0. 

v — ^ oo 

Suppose by contradiction that Z C. B\. Then by l37t|II|) . the connection g*A v 
converges to A in C° on i?) := Br \ Bi, and the map g~ x u v converges to u 
in C 1 on A(l,i?). Hence Lemma 1421 implies that 

E°°(w ,A(l,R)) = lim E R " (w v , A(l, R)) . 

Combining this with (|2.91j> . we arrive at a contradiction to our assumption E oc (wo) = 
0. This proves Claim LU □ 

5. Claim. The set Z contains 0. 

Proof of Claim [H By Claim [4] the set Z\B\ is nonempty. We choose a point 
z G Z\B\ and a number Eq > so small that B £o (z)P\ Z = {z}. We fix < e < £q. 
Since e v — > (as v — > oo), (|2.77[> implies that 

4:(°) = ii e l:iico(s eW ), 

for ^ large enough. Combining this with condition I44tpv| (which we proved above), 
it follows that 

liminf^ H.I ' 
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Since e £ (0,£o) is arbitrary, it follows that 

(2.92) e^(0)->oo, as v -> oo. 

If did not belong to then bv l37ljn]) and Lemma 02] the energy density e~"(0) 
would converge to eJJ 3 (0), a contradiction to (|2.92|) . This proves Claim [3 and 
completes the proof of EHljT]) and therefore of Proposition 0H □ 

47. Remark. Assume that Rq, Z, wq are constructed as in the proof of condi- 
tion (0) of Proposition gH and that R — oo and E°°(w ) = 0. Then Z C B 1 (and 
hence Z n S 1 ^ by Claim [4j. This follows from the inequalities 

lim E*»(w v ,A(l,R)} <S< E min , Vi? > 1. 

Here the first inequality is a consequence of condition (I2.83[) . □ 

2.7. Proof of the bubbling result 

Based on the results of the previous sections, we are now ready to prove the 
first main result of this memoir, Theorem [3J The proof is an adaption of the proof 
of MS2, Theorem 5.3.1] to the present setting. The strategy is the following: 
Consider first the case k — 0, i.e., the only marked point is Zq — oo. We rescalc the 
sequence W v so rapidly that all the energy is concentrated around the origin in C. 
Then we "zoom back in" in a soft way, to capture the bubbles (spheres in M and 
vortices over C) in an inductive way. (See Claim [1] below.) 

Next we show that at each stage of this construction, the total energy of the 
components of the tree plus the energy loss at the unresolved bubbling points equals 
the limit of the energies E(W V ). Here we call a bubbling point "unresolved" if we 
have not yet constructed any sphere or vortex which is attached to this point. 
(See Claim [2j) Furthermore, we prove that the number of vertices of the tree is 
uniformly bounded above. (See inequality (|2.102[l .) This implies that the inductive 
construction terminates at some point. 

We also show that the vortices over C and the bubbles in M have the required 
properties and that the data fits together to a stable map, which is the limit of a 
subsequence of W v . (See Claims 2] and [5j) 

For k > 1 we then prove the statement of the theorem inductively, using the 
statement for k — 0. At each induction step we need to handle one additional 
marked point in the sequence of vortex classes and marked points. In the limit 
there are three possibilities for the location of this point: 

(I) It does not coincide with any special point. 

(II) It coincides with the marked point Zi (lying on the vertex Oii), for some i. 

(III) It lies between two already constructed bubbles. 

In case (I) we just include the new marked point into the bubble tree. In case 
(II), we introduce either 

• a "ghost bubble" , which carries the two marked points and is connected 
to ccj, or 

• a "ghost vortex", which is connected to c^, and a "ghost bubble of type 
0" , which is connected to the "ghost vortex" and carries the two marked 
points. 
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Figure 5. This is a "partial stable map" as in Claim [T] It is a 
possible step in the construction of the stable map of Figure [TJ 
The cross denotes a bubbling point that has not yet been resolved. 
When adding marked points, a "ghost sphere" in M will be intro- 
duced between the components 1 and 4. 

The second option will only occur if on G . Which of the two options we choose 
depends on the speed at which the two marked points come together. In case (III) 
we introduce a "ghost bubble" between the two bubbles, which carries the new 
marked point. 

Proof of Theorem [5] (p. [7]). We consider first the case k = 0. Let W v 
be a sequence of vortex classes as in the hypothesis. For each v G N wc choose 
a representative w u := (P v , A v> u u ) of W v , such that P v = C x G. Passing to 
some subsequence we may assume that E(w v ) converges to some constant E. The 
hypothesis E(W V ) > (for every v) implies that E > E m ; n . We choose a sequence 
R v > 1 such that 

(2.93) E(W V , -Br,,) — » E. 

We define 

Rq\=vR u , ip v : C ->• C, (p v (z) := RqZ, := ^* v w v , 
n := 0, Zl := 0, Z := {0}, := 0. 

The next claim provides an inductive construction of the bubble tree. (Some ex- 
planations are given below. See also Figure [5j) 

1. Claim. For every integer I G N, passing to some subsequence, there exist 
an integer N := N(£) G N and tuples 

(Ri,Z i: u?t)t6{i ) ... ) A/ r }j {ji, z<)ie{2,...,iV}) \Ph-i z i)ie{i N},veNi 

where Rt G {1, oo}, Z% C C is a finite subset, Wi = (Ai, Ui) G Wc\Zi is an i?z-vortex, 
ji G {1, . . . , i — 1}, Zi G C, i?,^ > 0, and G C, such that the following conditions 
hold. 

(i) For every i = 2, . . . , JV we have Zj G . Moreover, if i, i' G {2, . . . , iV} are 
such that i ^ i' and ji = then ^ Zj/ . 

(ii) Let i = l,...,N. If i? t = 1 then Z t = and E( Wi ) > 0. If R4 = 00 and 
£:°°( Wi ) = then \Zi\ > 2. 
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(iii) Fix i = 1, . . . , N. If R4 = 1 then R" = 1 for every v, and if Ri = oo then 
R% — > oo. Furthermore, 

(2.94) ^ -> 0, - ^ - 



In the following we set tp% (z) := R\z + z", for i = 0, . . . , N and v £ N. 

(iv) For every i = 1, . . . , N there exist gauge transformations g\ £ W / 1 ^' l ?(C\ G) 
such that the following holds. If R4 = 1 then (g? )*(<^ )*kv converges to Wi 
in C°° on every compact subset of C. Furthermore, if Ri = 00 then on every 
compact subset of C \ Zi the sequence {g")* A v converges to Ai in C°, 
and the sequence {g")* {ip")* u v converges to Ui in C 1 . 

(v) Let i — 1, . . . , N, z £ Zi and £0 > be such that B eo (z) n Zi = {z}. Then for 
every < e < Eq the limit 

E z (e) := lim («)*^, B e (z)) 

exists, and E m i n < E z (e) < 00. Furthermore, the function 

(0,£o) 3 E z (e) £ [E min ,oo) 

is continuous. 

(vi) For every i = 1, . . . , N, we have 

lim ]imsup E(w u ,B R » /R (z?. + R^Zi) \B RR »(z»)) = 0. 

(vii) If I > N then for every j = 1, . . . , N we have 
(2.95) !"-, ./ • ' • A-./, .,}. 

To understand this claim, note that the collection (ji)i£{2,...,N} describes a tree 
with vertices the numbers 1, . . . ,N and unordered edges {{i, ji), ■ Attached 

to the vertices of this tree are vortex classes and oo-vortex classes. (The latter will 
give rise to holomorphic spheres in M.) Each pair (R",z") defines a rescaling ip", 
which is used to obtain the «-th limit vortex or oo-vortex. (See condition (|rv|) .) 

The point zi is the nodal point on the ji-th vertex, at which the i-th vertex 
is attached. The corresponding nodal point on the i-th vertex is oo. The set Zi 
consists of the nodal points except oo (if i > 2) on the i-th vertex together with 
the bubbling points that have not yet been resolved. 

Condition (0) implies that the nodal points at a given vertex are distinct. Con- 
dition (JTTJ) guarantees that once all bubbling points have been resolved, the i-th 
component will be stableF^I 

Condition (|m)) implies that the rescalings <p" "zoom out" less than the rescalings 
(Pj t . A consequence of condition (jvj) is that at every nodal or unresolved bubbling 
point at least the energy E m j n concentrates in the limit. Condition (TvTI) means 
that no energy is lost in the limit between each pair of adjacent bubbles. Finally, 
condition (jviil) means that in the case £ > N all bubbling points have been resolved. 



Proof of Claim [TJ We show that the statement holds for I := 1. We check 
the conditions of Proposition (Soft rescaling) with zq := 0, r := 1 and R u , w v 
replaced by Rq, Wq. Condition [44t[aj) follows from Proposition [79l in Appendix lA.il 



Note that in the case i > 2 there is another nodal point at oo, and for i = 1 there will be 
a marked point at oo , which is the limit of the sequence Zq . 
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using the hypothesis that M is equivariantly convex at oo. Condition [44JJH]) follows 
from the facts 

lim E R o (u# , B s ) = E, Ve > 0, £ > E min . 

v— >oo 

The first condition is a consequence of the facts Rq = vR v , E(w v ) — > E, and (|2.93p . 

Thus by Proposition [44J there exist Ro £ {l,oo}, a finite subset ZCC, and 
an i? -vortex wq € W^ Zi , and passing to some subsequence, there exist sequences 
s v > 0, z u , and g u , such that the conclusions of Proposition l44l with R Ul w l/ replaced 
by R%,w% hold. We define 

N := N(l) := 1, Ri := R , Z 1 := Z, Wl :=Wo, RI := s v R%, z v x :^R v Q z v . 

We check conditions (fl])- (|viip of Claim [T] with £ = 1: Conditions (|ilviij) are 

void. Furthermore, conditions (pl|-(jvi|) follow from l44lf i|)- (jvj). This proves the state- 
ment of the Claim for £ = 1 . 

Let I £ N and assume, by induction, that we have already proved the statement 
of Claim [T] for I. We show that it holds for £ + 1. By assumption there exists a 
number N := N(£) and there exist collections 

(Ri,Zi, W^igji^.^jv}, (ji, 2j)ie{2,...,JV}; (Ri , z i)ie{l N},veN, 

such that conditions (fi|)- (lviij) hold. If 

Z 3 = {z l \j < i < N, ^ = j}, Vj = 1, . . . ,N 

then conditions (fi|)- f|vii[) hold with N(£ + 1) :— N, and we are done. Hence assume 
that there exists a jo € {1, . . . , N} such that 

(2.96) Z jo ^{zi\j <i<N,j i =j }. 
We set N(£ + 1) := TV + 1 and choose an element 

(2.97) z N+1 e Z jo \{zi\j <i<N,ji = j }. 

We fix a number r > so small that i? r (zAr + i) n Zj = {z^ + i}. We apply Propo- 
sition 04] with z := zn + i and R v , w v replaced by Rj , (<Pj (j )*Wu. Condition l44T[aj) 
holds by hypothesis. Furthermore, by condition (jvj) for £, condition l4"4"I|bj) is satis- 
fied. Hence passing to some subsequence, there exist Rq € {l,oo}, a finite subset 
Z C C, an i?o-vortex wq € and sequences £„ > 0, z„, such that the conclu- 

sion of Proposition 04] holds. We define 

Rn+i '■= Ro, Zn + i := Z, wpf+i := w , jjv+i := jo, 

n N+l ■— t " rl jo' z w+i - — ■"•jo*" ' z jir 

We check conditions (|I|)- ([vii|) of Claim [1] with I replaced by I + 1, i.e., TV 
replaced by N + 1. Condition fH follows from the induction hypothesis and (|2.97l) . 
Conditions (©-(El follow from HUH}- (jvj). 

We show that (jviij) holds with TV replaced by iV+1: By the induction hypothesis, 
it holds for N. Hence (j2.96j) implies that N + 1 > £ + 1. So there is nothing to 
check. This completes the induction and the proof of Claim [TJ □ 

Let £ e N be an integer and N := N(£), (Ri,Zi,Wi), (ji,Zi), (R",z%) be as 
in Claim [Q Recall that Z Q = {0} and z» := 0. We fix i = 0, . . . , N. We define 
ip" (z) := R"z + z", for every measurable subset ICCwe denote 

Ei(X):=E Ri (w h X), Ei:=Ei(C\Zi), E\ (X) := E R * M)*w u , X). 
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Furthermore, for z € Zi we define 

(2.98) mAz) := lim lim E?(B E (z)). 

For i = it follows from (|2.93p and Rq = vR u that the limit mo(0) exists and 
equals E. For i = 1, . . . , N it follows from condition (jvj) that the limit (|2.98l) exists 
and that rrii(z) > E m - m . For j, k = 0, . . . , N we define 

z j,k ■= z j \ fa \j <i< k, ji = j} 

(This is the set of points on the j-th sphere that have not been resolved after the 
construction of the fc-th bubble.) We define the function 

(2.99) f:{l,...,N}-> [0,oo), f{i):=E i + £ m 4 (z). 

2. Claim. 

N 
i=l 

Proof of Claim O We show by induction that 

(2.100) J2\ Ei+ Yl m ^ z n = E ' 

for every k — 1, . . . , N. Claim [2] is a consequence of this with k — N . For the proof 
of equality (|2.100|) we need the following. 

3. Claim. For every i = 1, . . . , N we have 

(2.101) m ji (z i ) = E i +J2 

Proof of Claim [3j Let i = 1,...,N. We choose a number e > so small 

that 

B e (zi) n Z n = {z^, Z,. C B e -i_ e , 
and if z ^ z 1 are points in Z\ then \z — z'\ > 2e. By condition (jvj) of Claim [TJ for 
each z € Zi the limit lim 1/ _ ) . 00 E^(B £ (z)) exists. Lemma H2l implies that 

lim E»(B e - 1 )=E i [B e -i \ |J B E {z) ) + V lim E»{B e (z)). 

Combining this with condition (fvT)) of Claim [TJ equality (j2.10ip follows from a 
straight-forward argument. This proves Claim [3J □ 

Since Z\ t \ = Zi, equality (|2.100p for k = 1 follows from Claim [3] and the fact 
mo(0) = E. Let now k — 1, . . . , N — 1 and assume that we have proved (j2.100j) for 
k. An elementary argument using Claim [3] with i := k + 1 shows fl2.100[) with k 
replaced by k + 1. By induction, Claim [2] follows. □ 

Consider the tree relation E on T := {1, . . . ,N} defined by iEi' iff i — ji> or 
i' = ji. Lemma Til 71 in Appendix I A. 71 with / as in (|2.99j) . k := 1, ct\ := 1 € T, and 
i?o := E m ; n , implies that 

2E 
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(Hypothesis (|A.61|) follows from conditions (jiUvj) of Claim [TJ) Assume now that 
we have chosen I > 2£ , /E m i n +l. By (|2.102|) we have £ > N, and therefore by 
condition (|vii[) of Claim [TJ equality (|2.95l) holds, for every j = 1, . . . , N. We define 

T:={l,...,N}, T o :=0, Ti := {i e T \ R { = 1}, T oc :=T\T 1 , 

and the tree relation E on T by 

iEi' i = ji> or i! = ji- 

Furthermore, for t,i'€T such that i-Ei' we define the nodal points 

oo, if i'=ji, 
, if i = ji> . 

Moreover, we define the marked point 

{a ,z ) :=(l,oo)£TxS 2 . 

4. Claim. Let i e T. If i 6 T\ then £7(t0i) < oo and Ui(C x G) has compact 
closure. Furthermore, if i 6 then the map 

Gu t :<C\Z l ^M = ^- 1 {Q)/G 

extends to a smooth J-holomorphic map 

u t :S 2 = CU {oo} -> IT. 

Proof of Claim [U We choose gauge transformations </f € W^'^C \Zi,G) 
as in condition |Tv| of Claim [TJ and define to? := (g")* (<p")*w v . 
Assume that i £ T\. It follows from Fatou's lemma that 

E(wi) < liminf E(w?) = E < oo. 

v— t-OO 

Furthermore, since by hypothesis M is equivariantly convex at oo, by Proposition 
l79l in Appendix IA.ll there exists a G- invariant compact subset Kq C M such that 
C AT 0) for every i/ e N. Since u? converges to tt$ pointwise, it follows that 
Ui(C) C A'o- Hence to$ has the required properties. 

Assume now that i £ T^. By Proposition 1 1 161 in Appendix I A. 71 the map 

Gu t :C\Z l ^M = ^- 1 {Q)/G 

is J-holomorphic, and ecm = e^. ■ ^ follows from Fatou's lemma that 

E QC (w l ,C\ Zi) < liminf £^(0 = E < oo. 

Therefore, by removal of singularities, it follows that Gui extends to a smooth 
J-holomorphic map Uj : S 12 — > Afj3 This proves Claim [4] □ 

5. Claim. The tuple 

(W,z) := (TcTi.Too-E, ([tWi])i£Ti,(«»)»eT 00 , {zii>)iEi>, (a := Mo := oo)) 

is a stable map in the sense of Definition 1151 and the sequence ([w^JjZq := oo) 
converges to (W, z) in the sense of Definition [30] (Here [tOj] denotes the gauge 
equivalence class of to,.) 



32 See e.g. IMS2I Theorem 4.1.2]. 
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PROOF of Claim [5j We check the conditions of Definition [15] Condition 

is a consequence of the definitions of Tq,T\ and Too. Condition ([11]) follows 
from condition @ of Claim Q] and the fact Zi = 0, for i G T\, (This follows from 
condition ([n]) of Claim [T]) 

Condition (|TTT|) follows from an elementary argument using Claim [Tljiiilivlvi[) 
and Proposition|45l Condition (flv]) follows from Claim [T1pl|. Hence all conditions 
of Definition [15] are satisfied. 

We check the conditions of Definition 1201 Condition (|2.15p follows from 
Claim[21 using condition (jviil) of Claim[T] Condition [20]([I]) follows from a straight- 
forward argument, using Claim [T lpli]) . 

Condition I20I[[II|) follows from Claim IIT [m]) by an elementary argument. Con- 
dition [inMHI]) follows from Claim ITl|iv]) ■ Finally, condition I20l(fiv|) is void, since 
k = 0. This proves Claim [5] □ 

Thus we have proved Theorem [3] in the case k — 0. 

We prove that the theorem holds for every k > 1: We prove by induction 
that for every k G No and every tuple (W v , z*(, . . . , z£j as in the hypotheses of 
Theorem [3] there exists a stable map (W,z) as in (|2.6p and a collection (<p„) of 
Mobius transformations, such that the conditions of Definition [20l hold. 

(2.103) Va G Too, Q C C \ Z a compact: lim E(W V , y"JQj) = E{u a , Q), 

v— >oo 

(2.104) ^(oo) = oo, 

(2.105) Iimfl_, oo limBup I/ _, oo £?(W„ s C\ ¥ jS (B fl )) =0, 

and for every edge aEj3 such that a € Ti U T^ and /3 lies in the chain of vertices 
from a to ao, we have 

(2.106) lim HmsupE(W !/ ,^(S i? - 1 (^ a )) \ V v a {B R )) = 0. 

For fc = we proved this above. In that construction condition (|2.103[) follows from 
statement ([nil of Proposition[44] Furthermore, condition (|2. 105|) is a consequence of 
condition (|vi|) of Claim[T]with i = 1, and the facts E(W V , BrJ) — > Tv and i?g = 
Finally, condition (|2.106[) follows from Claim ITT jvi)) . 

Let now k £ N and assume that we have proved the statement for k—1. Passing 
to some subsequence, we may assume that for every i = 1, . . . ,k — 1, the limit 

(2.107) z ki := lim {z u k - z v A £ CU {oo} 

i/— ► oo 

exists. We set 

Zko '■= oo. 

Passing to a further subsequence, we may assume that the limit 

z ak := lim G ^ 2 

V— ¥00 

exists, for every a G T := T TJ Ti JJ Tx,. There are three cases. 

Case (I) There exists a vertex a G T, such that z Q fe is not a special point of (W, z) 
at a. 

Case (II) There exists an index i G {0, . . . , fc — 1} such that z ai k = z%. 
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Case (III) There exists an edge aEf3 such that z a k — z a p and zpu — zp a . 

These three cases exclude each other. For the combination of the cases (II) 
and (III) this follows from the last part of condition §u§ (distinctness of the special 
points) in Definition 1151 

6. Claim. One of the three cases always applies. 

Proof of Claim O This follows from an elementary argument, using that T 
is finite and does not contain cycles. □ 

Assume that Case (I) holds. We fix a vertex a £ T such that z a k is not a 
special point J3 We define :— a and introduce a new marked point 

Zk • — ^Qfc/c 

on the afe-sphere. Then (W, z) augmented by (aik,Zk) is again a stable map and 
the sequence {W Vl Zq, . . . , z%) converges to this new stable map via (^) a6 T- The 
induction step in Case (I) follows. 

Assume that Case (II) holds. We fix an index < i < k — 1 such that 
z ai k — Zi. (It is unique.) 

Consider first Case (Ha): i ^ and the condition zm ^ or cti £ To U T\ 
holds. In this case we extend the tree T as follows. We define 

!0, if Zki = 0, 
1, if Zfc., 7^ 0,oo, 
oo, if z kl = oo, 

and introduce an additional vertex 7, which has type j and carries the new marked 
point. This vertex is adjacent to 014 in the new tree. We move the i-th marked 
point from the vertex ai to the vertex 7 and introduce an additional marked point 
on 7. More precisely, we define 

r := Ti U{ 7 }, Tj) ew := 2>, f e {0, 1, 00} \ {j}, 

T „ew := T JJ{7}, £ ncw -=EU {K7), (7, a,)}, 

„ncw — „ncw — new — now — 



:=0, 



70,: ' ^"^5 CKi7 

z ki , ifj = l, 
1, if ,7=0,00. 



If j = 1, i.e., 7 e j , 1 ncw 5 then we introduce the following "ghost vortex": We choose 
a point x in the orbit u ai (zi) C // _1 (0), and define A 1 := G fi 1 (C,g) and 
it 7 : C — > M to be the map which is constantly equal to xq. We identify A 1 with a 
connection on C x G and it 7 with a G-equi variant map C x G — > M , and set 

(2.108) W y := [C X G,A 7 ,u 7 ]. 

If j = 00, i.e., 7 £ T^ cw , then we define « 7 : S 2 -> M to be the constant map 

= U CXi ( < Zi^. 

We denote by (W ncw , z new ) the tuple obtained from (W,z) by making the 
changes described above. By elementary arguments this is again a stable map. 



■^■^This vertex is unique, but we will not use this. 
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We define the sequence of Mobius transformations tp" : S — > S by 

7. Claim. There exists a subsequence of (W v , Zq, . . . , z£\ that converges to 
(W now ,z now ) via the Mobius transformations «) aeT »™,FeN- 

PROOF of Claim [Jj Condition (|2. 15|) (energy conservation) holds for every 
subsequence, since the new component 7 carries no energy. Conditions ([HUI]) 
of Definition 1201 hold (for the new collection of Mobius transformations), by 
elementary arguments. 

We check condition I20l(f ill |) up to some subsequence. For every a £ T 1 lew U 
T£ ow we write 

(2.110) W v a := {tfQ*W v , < := u w » : C -> M/G, 

where uw is defined as in ()2.2|) . In the case j = condition I20ljiii|) does not 
contain any new requirement. 

Assume that j = 1. It follows from Proposition [37] (Compactness modulo 
bubbling and gauge) with R v := 1, r v := v and W v replaced by W", that there 

exists a vortex class W 1 over C such that passing to some subsequence, the sequence 
W" converges to W 7 , with respect to tc (as in Definition [TO)) . and the sequence 
converges to , uniformly on every compact subset of C. 

8. Claim. We have W 7 = W 7 (defined as in [[2TQ8]) ). 

Proof of Claim [8] A straight-forward argument implies that a t £ T£ ew 



OC 



Therefore, condition f20Vfiii|) for the sequence (W u , Zq, . . . , ^_ x ) implies that the 
sequence u v a . converges to u ai , in C 1 on some neighborhood of Zi- (Here we used 
that i ^ 0.) ' 

Since y> v ail ■= (VaJ -1 V7 converges to z ail = Zi, uniformly on every compact 
subset of S 2 \ {z*™} = C, it follows that 

"7 = V v an ~^ := u ai (zi), 
uniformly on every compact subset of C. It follows that = xo. We choose 
representatives 

(2 7 ,u 7 ) £ fi'fC.G) x C°°(C,G) 

of W-y and xo £ /i _1 (0) of x$. By hypothesis (H) the action of G on /i _1 (0) is 
free. Hence, after regauging, we may assume that u 7 = xq. (Here we use Lemma 
11141 (Appendix IA.7j) . which ensures that the gauge transformation is smooth.) It 
follows from the first vortex equation that A 1 = 0. This shows that W 1 — W~ t and 
hence proves Claim [8] □ 

This proves condition I20[|iiij) in the case j = 1. 

Assume now that j = 00. We have again oti £ T££ w . Hence condition I20l|iiij) 
for the sequence \ W V , Zq, . . . , z^_A implies that the sequence u v ai converges to u ai , 
in C 1 on some neighborhood of Zi. (Here we used that i 7^ 0.) Let Q C C = S 2 \Z~ f 
be a compact subset. Since (p^ n converges to Zi, in C°° on Q, it follows that 
u" = u v ai o tp u ail converges to u 7 = u ai {zi) in C 1 on Q, as required. This proves 
condition l2"Uljm]) in all cases. 
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Condition I20ll[lv| ) is a consequence of the definition (|2.109p of ip" This proves 
Claim [3 □ 

To see that condition (|2.103[) holds, observe that we need to prove this only 
in the case j — oo and then only for a = 7. In this case it follows from the same 
condition for a = on and l201pl)) with a — on and j3 = 7. (Here we used that zi ^ 00 
and it does not coincide with any nodal point at a,.) The same conditions also 
imply (|2.106|) for a :— 7 and (3 := on. (For the other pairs of adjacent vertices 
(|2.106|) follows from the induction hypothesis.) 

The induction step in Case (Ha) follows. 

Consider the Case (lib): i = 0. We define 

^° w :=rooLI{7}, T?™:=T j ,j = 0,1, E"™ := E ]\ { (a , 7), (7, «„)}, 

a new . = a „cw . = 7j z ncw. = 0j z „cw . = ^ = ^ ^ := Mj := 1, 

u 7 = u Qo (z )- 

The tuple (W new ,z new ) obtained from (W,z) by making these changes, is again a 
stable map. It follows from our assumption (|2.104l) that there exist \ v E C \ {0} 
and z v € C, such that fa ( z ) = ^ z + z v We define the sequence of Mobius 
transformations tp" by 

ify(z) := {z v k - z v )z + z v . 

We show that some subsequence of {W u , Zq , . . . , z'Q converges to (W ncw ,z new ) 
via the Mobius transformations (iPa)ctET tte ™,v&$'- Condition (|2.15p holds with T 
replaced by T ncw , since the map u~ is constant. Conditions l2"0"l|iliilivp follow from 
straight-forward arguments. 

We show that condition [20t| TTT ]> holds. Recall the definition (|2.110[) of u v a . An 
elementary argument using condition I20t| ml) with a := ao, our assumption (|2.105l) . 
and Proposition [45j shows that for every e > there exist numbers R > ro and 
i/oGN such that 

d(ev Zo =oo(W ao ),Ua (z)) <e, Mu > v , z € C\B R , 

where W ao := u ao if ao G JLo! an d evoo is defined as in (|2.4I2.5I) . The sequence ^ 7 
converges to z™™ = z — oo, uniformly on every compact subset of S 2 \ {z 7 ™ = 0}. 
It follows that converges to the constant map u 7 = evoo(W ao ), uniformly on 
every compact subset of C \ {0} = S 2 \ {z*™, z$ ew }. Condition \W$n$ with a = 7 
is a consequence of the following. 

9. Claim. Passing to some subsequence the convergence is in C 1 on every 
compact subset of C \ {0}. 

Proof of Claim [5J We denote R v := \z% — z„\, and choose a representative 
of W~ . This is an i?^-vortex. Our assumption z aQ k — zq = 00 implies that 
R v — >• i?o :— 00. Hence by Proposition [37] there exists a finite subset ZCC and 
an oo-vortex w; 7 := (A 7 ,w 7 ), and passing to some subsequence, there exist gauge 
transformations g 7 € Wio'c^ \ Z,G), such that the assertions l37l|ii|iiip hold with 
w v := w". It follows that converges in C 1 on every compact subset oiC\Z. 
Furthermore, it follows from (|2.105|) and l3Tlp| that 2C{0}. Claim H follows. □ 

Conditions (12.10312.1051) (for a low = 7) and (l2~TT)6ll (for a := a and /3 := 7) 
follow from condition (|2.105|) for ao, which holds by the induction hypothesis. This 
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proves the induction step in Case (lib). 

Consider now Case (He): Zk% = and a, G T^. Then we introduce a vertex 
7 G T\ adjacent to on and a vertex S € To adjacent to 7, such that <5 carries the 
two new marked points. More precisely, we define 

T n ™:=T JT{<5}, T 1 ncw :=T 1 JJ{7}, Tg» := T m 
T ncw := TJJ{7, 5}, £»™ := -EU { (a,, 7), (7, «<), (7, S), («, 7)}, 

af ow := a£ ow := 5, zf ow := 0, z£ ow := 1, 

and W~ as in case (Ha) with j = 1. We thus obtain a new stable map. The proof 
of convergence to this stable map and of conditions (12. 103|) (for 7) and (|2.106l) (for 
a = 7 and /3 = ct!j) is now analogous to the proof in Case (Ha). This proves the 
induction step in Case (He). 

The Cases (IIa,b,c) cover all instances of Case (II), hence we have proved the 
induction step in Case (II). 

Assume now that Case (III) holds. In this case we introduce a new vertex 
7 between a and j3. Hence a and /3 are no longer adjacent, but are separated by 
7. We define j :— if a or /3 lies in Tq, and j := 00, otherwise We may assume 
w.l.o.g. that (3 lies in the chain of vertices from a to aj. We define 

T „cw . = j,, U{7}j T „cw . = Tji ^ f g (0, 1, OO} \ {j}, 

„new ^ new new n new new new i 

Z Q7 - — z a@J z f3-f ■— z f3a, z la ■— O, Z^p .— CXJ, u> k .— 7, Z fc .— 1. 

In the case j — oo we define u 7 : S* 2 — > M to be the constant map equal to up(zj3 a ). 
Again, we obtain a new stable map. By condition (|2. 104|) there exist \ v a € C \ {0} 
and z v a € C, such that tp^(z) = X^z + z v a . We define 

t P 1 \ z ) ■= i z k - z a) z + z a- 

The proof of convergence proceeds now analogously to the proof in Case (lib), 
using (|2. 106[) for the proof of condition [20lfiTT|) rather than (|2. 105[) . Furthermore, 
conditions (|2. 103|) with a = 7 and (|2. 106[) with (a, (3) replaced by (a, 7) and (7, (3) 
follow from condition (I2.I06[) for (a,f3), which holds by the induction hypothesis. 
This proves the induction step in Case (III), and hence terminates the proof of 
Theorem [3] in the case k > 1 . □ 

Remark. In the above proof for k = the stable map (W, z) is constructed by 
"terminating induction" . Intuitively, this is induction over the integer iV occurring 
in Claim [TJ The "auxiliary index" £ in Claim Q] is needed to make this idea precise. 
Condition (jviil) and the inequality (|2.I02[) ensure that the "induction stops" . □ 

2.8. Proof of the result in Section 12.31 characterizing convergence 

Using Compactness modulo bubbling and gauge for (rescaled) vortices, which 
was established in Section [2~5l (Proposition l37)) . in this section we prove Proposition 
l27l The proof is based on the following result. Let G := S 1 C C act on M := C by 



34 In that case a or /j lies in T c 
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multiplication, with momentum map fi : C — > iM. given by fi(z) := |(1 — \z\ 2 ), and 
let d £ No. Recall the definition (|2.24p of the map 

i d : U Syn/(C)^Sym d (S 2 ), 

the definitions (12.2312. 17[> of the set .Md of finite energy vortex classes of degree d 
and of the local degree map deg^ : C — > No, and the Definition [19] of the "C°°- 
topology te on Bt," • 

48. Proposition. Let < d! < d, W £ M d > and W v £ M d , for v £ N. Then 
the following conditions are equivalent. 

(i) For every open subset fi C C with compact closure and smooth boundary 
the restriction W„|q converges to W|q to O, as v — > oo, with respect to the 
topology Tq. 

(ii) The point in the symmetric product 

deg Wv £ Sym d (C) C Sym d (S 2 ) 
converges to ^(deg^) £ Sym d (S' 2 ). 

In the proof of this result we will use the following. Let X be a topological 

space and d £ No- We denote by Sym d (X) := X d /Sd the d-fold symmetric product 

d 

of X, and canonically identify it with the set Sym (X) of all maps m : X — >• No 
such that J2 x€X m { x ) — ^13 We endow Sym d (X) with the quotient topology. For 
every subset Y C X and do £ No, we define 

(2.111) Vy° := I m £ Sym d {X) | ^ m(x) = d , m(x) = 0, Vx £ dY I , 

where dY C X denotes the boundary of Y . 

49. Lemma. Let U be a basis for the topology of X. If X is Hausdorff then the 
sets V*, U £U, d £ No, form a subbasis for the topology of Sym (X) = Sym d (X). 

Proof of Lemma HH1 We denote by ir : X d -> Sym d (X) the canonical pro- 
jection. For every U £bi and do eNo, we have 

TT-\V d °) = S d ■ (U do x (X \U) d - do ) C X d , 

where • denotes the action of Sd on X d . Since \Sd\ < oo, this set is open, i.e., Vy° 

d 

is open. Now let V C Sym (X) be an open set, and m € V. It suffices to show that 
there exists a finite set S C Wx No, such that the intersection f]^ v do ) eS V v a contains 
m and is contained in V. To see this, we denote by X\,...,Xk £ X the distinct 
points at which m does not vanish, and abbreviate di := m(xi). For i = 1, . . . , k 
we choose a neighborhood U% £lA of Xj, such that the sets U\, . . . , Uk are disjoint, 
and 

(2.112) Ui X • • • X Ui X • • • X U k X • • • X U k C 7r _1 (F). 

Here the factor E/, occurs di times. (The sets exist by Hausdorffness of X, openness 
of 7r _1 (T^), the definition of the product topology on X d , and the fact 

(xi,...,Xx,...,x k ,...,Xk) £ 7r _1 (m) C tt^ 1 (V).) 
"^^Implicitly, here we require m(x) to vanish, except for finitely many points x (£ X . 
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We define S := {{Ui, dt) \ i = 1, . . . , k}. We have 

k 

p| V# = tt^C/j x ••• x f/i x ••• x U k x ••• x f/ fe ). 

i=l 

Combining this with (|2.112|) . it follows that f|Li ^ ^ ^- 0n thc other nand > 
since xi £ Ui, we have m £ f]i=i ^tr- Hence the set S has the required properties. 
This proves Lemma l49l □ 

We will also use the following. 

50. Lemma. Let x e C(S' 1 ,C \ {0}) be a loop. Then there exists a C°- 
neighborhood U C C(S' 1 ,C \ {0}) of x, such that every i' 6 W is homotopic to 
x. 

Proof of Lemma [5(21 We define U to be the open C°-ball around x, with 
radius min zg gi |x(z)|. Let x' G We define 

ft : [0, 1] x S 1 -)• C, ft(t, z) := te'(z) + (1 - t)x(z). 

This map does not vanish anywhere, and therefore is a homotopy between x and 
x' inside C \ {0}. This proves Lemma [50] □ 

Proof of Proposition EH We canonically identify the set B = Be of gauge 
equivalence classes of smooth triples (P, A, u) (as defined in (|1.10[l ) with the set of 
gauge equivalence classes of smooth pairs 

(A,u) e W c :=Sl 1 (C i g) x C°°(C,Af). 

We show that @ implies ([n]). Assume that Q holds. We denote by m : S 2 = 
C U {oo} — > No the map given by deg w on C, and m(oo) := d — deg(W^). We define 

U := {B r (z)\z£ C, r > 0} U {(C\B r ) U {oo} \r £ [l,oo)}. 

This is a basis for the topology of S 2 . 

Claim. Let U C U be such that deg^/ vanishes on dU. Then there exists 
^oCN such that for every v > we have deg^ € V v , where 

zeu 

Proof of the claim. Let U be as in the hypothesis of the claim. Consider 
first the case U = B r (z), for some z € C, r > 0. We choose a (smooth) represen- 
tative w = (A,u) £ Wb t (z) °f ^\t3 t (z)- Since by assumption, deg^ vanishes on 
dU = Sr(z), u is nonzero on S^(z). 

The C°°-topology on the set of smooth connections on B r (z) is second-countable. 
Furthermore, the action of the gauge group on this space is continuous. Therefore, 
by assumption (JTJ) and Lemma [T2"ul in Appendix I A. 71 for each v £ N, there exists a 
representative w u — (A V) u u ) £ Wg/j of W v , such that w v converges to w in C°° , 
as — > oo. Hence, using Lemma [SOI there exists vq £ N such that for v > Uq the 
restriction of u v to S\{z) does not vanish anywhere, and is homotopic to w|si( 2 ), 
as a map with target C \ {0}. It follows that 

deg : S\{z) -> = deg (jL : S fo) _> , 
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for v > i/q. By elementary arguments, the left hand side of this equality agrees 
with J2 z '£B r (z) deg^fV); an d the right hand side equals Sz'eB r (z) de Sui z ')- Since 
by definition, deg Uv (z') — deg Wu (z') and deg u (z') = deg w (z'), it follows that 

de &wA z ')= deg w (z') = d , 

z'£B r (z) z>eB r (z) 

and therefore, deg Wt , € V^°. This proves the claim in the case U = B r (z) C C. 

Consider now the case U = (C \ B r ) U {00} , for some r > 1. By what we just 
proved, there exists an index v>o, such that for every v > vo 

z'eB r z'eBr 

It follows that 

Y de &wA z ') = Y m(z') = d , 

z'£C\B r z'£(C\B r )U{oo} 

and therefore, deg w £ Vy" , for every v > vq. This proves the claim in the case 
U = (C\B r )U{oo}. □ 

The claim implies that if do £ N and U eM are such that m £ Vjj then there 
exists vq £ N such that for every v > i/q we have deg w £ . Combining this with 
Lemma |4"91 (with X := S 2 ), condition ^ follows. This proves that ([!]) implies 

(ED- 

We show the opposite implication: Assume that (JTTJ) is satisfied. We prove 
that given an open subset Q C C with compact closure and smooth boundary, the 
class W v \ji converges to W\q, as v — » 00, with respect to the topology Tq. By 
Lemma 11191 (Appendix IA.7j) it suffices to show that for every such fl and every 
subsequence (^)igN there exists a further subsequence (fy)jeN such that W Vi . |q 
converges to W^jy, as j — > 00. Let (i/j) be a subsequence. Let i g N. We choose a 
representative (^.j,Ui) £ Wc of W^. It follows from Proposition [23] that the image 
of Ui is contained in the closed ball B\ C Furthermore, by Proposition 1241 

we have E{wi) — dir. Therefore, Proposition [37] (Compactness modulo bubbling 
and gauge) implies that there exist a smooth vortex wq ■= (Ao,uq) over C, a 
subsequence (ij)j e rj, and gauge transformations Qj £ W^(C,G) (for j £ N), such 
that the pair w'j := g*(Ai j , ) is smooth and converges to wo, as j —¥ 00, in C°° 
on every compact subset of C. We denote by Wo the equivalence class of wq. It 
follows from Lemma ll 141 (Appendix [A. 7j that gj is smooth, and hence w'j represents 
W 1 :— W Vi . , for every j. It follows that W 3 |q converges to Wo|jy with respect to 
Tq, as j — > 00, for every open subset C C with compact closure and smooth 
boundary. 

It remains to show that Wo = W. The energy densities e^n converge to ew 
in C°° on compact subsets of C. Therefore, we have 

E(W ) < liminf E(W j ) = dir. 

By Proposition HM1 we have E(W ) = 7rdeg(Wn), and therefore, d := deg(W ) < 
d. Hence ^(deg^r ) £ Sym d (S' 2 ) is well-defined. It follows from the implication 



'This is also true if E(W Vi ) = 0, since then the image of Ui equals S 1 . 
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©=^d (which we proved above), that the point 

deg W3 G Sym d (C) C Sym d (S 2 ) 

converges to ^(degjy ), as j — » oo. By our assumption ([H|), deg^/j also converges 
to i d (deg w ). It follows that L d (deg Wo ) = L d (deg w ), hence de g Wo = deg Wl and 
therefore, Wo = W. (Here in the last step we used that the map (|2 . 23[) is injective.) 
This proves that (jTTJ) implies ® and concludes the proof of Proposition [48] □ 

For the proof of Proposition [57] we also need the following lemma. 

51. Lemma. Let k be a positive integer, (p^, , . . ,(p^. be sequences of Mobius 
transformations, and let 

Zo,...,z k -i,Wi,...,w k G S 2 
be points. Assume that Z\ ^ w\, . . . , Z}~~\ ^ w k -x, and that 

uniformly on compact subsets of S 2 \ {wi+ 1 } , for i = 0, . . . , k — 1. Let Q C S" 2 \ { zo } , 
Q' C S 2 \ {wk} be compact subsets. Then for v large enough we have 

(2.113) rt(Q)n<p%(Q') = <b. 

Proof of Lemma PjTI This follows from an elementary argument. □ 

Proof of Proposition [27j Assume that (0) holds. Then Proposition [24] 
and (|2.15j) imply that equality (|2.25[) holds for v large enough, as claimed. The 
second part of condition (pj follows from Proposition 05] 

Suppose now on the contrary that condition ([n]) holds. Then Proposition 
[24] and equality (|2.25[) imply (|2.15|) . Let y v a (for a £ T) be as in condition |JIiJ. 
We show l2T)l[m|) : The first part of this condition (concerning a G T-y) follows from 
Proposition [48] We prove the second part of the condition: Let a G T^, and 
Q Q S 2 \ (Z a U {z a ,o}) be a compact subset. We denote by xq the orbit S 1 C C. 

1. Claim. For every subsequence (^i)ieN there exists a further subsequence 
(ij)jgN, such that 

tt^ o ^(Q)CM* = C\{0}, VjeN, 

v w * ■ • 1 

Gu *s o Lp a ] — \ xq in C on Q, as j — > oo. 

Proof of Claim [TJ We fix a subsequence (i^)ieN- We choose a Mobius trans- 
formation -0 such that ip(po) = z aQ . By condition I20[ [T]) we have 

and hence ip v a o ip restricts to an automorphism of C. We define 

W v a := o 4>)*W V , R" a :=\y v a o ^(1) - <p» o 0(O)| G (0, oo). 

Then W£ is an i?^-vortex class over C. We choose a representative of W£. We 
check the hypotheses of Proposition [37] with the sequences Ri \ — R& 1 > ■ — ^a , 
and Rq := oo. By condition I20lji| ) . converges to oo, as i — > oo. Furthermore, 
by Proposition [23l the image of it„ 4 is contained in the compact set K := B\ C C. 
Finally, Proposition [M] implies that the energies of the vortices {% G N) are 
uniformly bounded. Hence the hypotheses of Propositionl3"Tlare satisfied. Applying 
this result, there exist a finite subset Z C C, an oo-vortex wq '■— (Ao,Uq) G Wc\z, 
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a subsequence (ij), and gauge transformations Qj £ W^* (C \ Z, such that 
assertions of the proposition hold, with the sequence (w v ) replaced by (w a 3 ). By 
condition l5Ttln1) the map gJ l (u Vi o ipa J ) converges to uo o ip^ 1 in C 1 on every 

compact subset of ip(C \ Z) = S 2 \ ip(Z U {oo}). Therefore, using the equality 
^(oo) = z a fi, the statement of Claim Q] is a consequence of the following: 

2. Claim. The set ip(Z) is contained in Z a . 

Proof of Claim [H We choose a number R > so large that 

(2.114) ^E(W P ,C\B H )<1 

Let j3 £ T\ be a vertex. We denote := (<Pp)*W v - By what we have already 
proved, the restriction Wg\ R converges to Wp\-g , as v — > oo, with respect to the 
topology Tg . Therefore, using Lemmas 11201 ( Appendix lA~7l) andl42l it follows that 

E(W„<p v p (B R )) = E(W^B R ) -> 

as v — > oo. We choose an index jo so large that for j > jo and every (3 £ T\ we 
have 

(2.115) , ^ > £?(W^, - -^r-. 

Let /3 7^ 7 e T be vertices. We denote by (/3, . . . , fik-i, 7) the chain of vertices 
connecting j3 with 7, and write /3q := /3, := 7. By conditions IToTfiH) and[20lin| 
the hypothesis of Lemma [51] with 

<Pi '■= : = ^ift+u w i : = z ft/3i-i 

are satisfied. It follows that for every compact subset Q C S 2 \Zp and Q' C S 2 \Z 1 , 
for ^ large enough, we have 

(2.116) ^(Q)n^(Q') = 0. 

Applying this several times with /3, 7 G Tx and Q := Q' := it follows that for 
1^ large enough the sets <^g /3 €T±, are disjoint. Increasing jo we may assume 
w.l.o.g. that this holds for v > v ijQ . Therefore, for j > j , we have 

E[W Vi . , |J ^ (Bh) J = Yl E ( W ^ > ^? 
V /3eT! / ,3eTi 

\/3GTi / 

(2.117) > ]T £(W^,C)-|. 

/3GT! 

Here in the second line we used (|2.115|) and in the third line we used (12.1 14|) . Our 
assumption (|2.25|) and Proposition [24] imply that 

£ E(Wf,,C) = E(W„,C), 

/3GTi 
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for v large enough. Hence (|2.117j) implies that 

(2.H8) E\W Vij ,C\ |J /;HBr)) < ~ 

for j large enough. 

Let now z £ S 2 \ (Z a U {z Q ,o})- We show that z does not belong to ip(Z). 
We choose a number e > so small that B e (ip~ 1 (z)) C C \ ip^ 1 (Z a ). We define 
Q := ip(B e ('ip- 1 (z))). By PUS]) , we have 

^(Q)n^(B fl ) = 0, 

for large enough. Therefore, by (|2. 1 18|) implies that 

B(W^,^(Q)) <~ 

for j large enough. On the other hand, if z belonged to ip(Z), then by condition 
l37tfTTT|) we would have 

lim EfWvi.^'iQ)) = lim E(W U a i} ,B z (<>p- l (z))) > E min = n. 

This contradiction proves that z £ ip(Z). It follows that ip(Z) CZ a U {^a.o}- Since 
ip(oo) = z ay Q, Claim [2] follows. This concludes the proof of ClaimQ] □ 

Claim [1] and an elementary argument imply that u v o ip u a (Q) C M* for v large 
enough. Furthermore, it follows from the same claim and Lemma 11191 in Appendix 
I A. 71 that Gu v o (f> v a — > x n in C 1 on (J, as ^ — > oo. This proves the second part of 
l2Tfljm]) . Hence all conditions of Definition |2"01 arc satisfied, and therefore, condition 
l27K p]) holds. This concludes the proof of Proposition [27] □ 



CHAPTER 3 



Fredholm theory for vortices over the plane 

In this chapter the equivariant homology class [W] of an equivalence class W of 
triples (P, A, u) is defined, and the equivariant Chern number of [W] is interpreted 
as a certain Maslov index. This number entered the index formula (ll.27[) . Fur- 
thermore, the second main result of this memoir, Theorem HJ is proven. It states 
the Fredholm property for the vertical differential of the vortex equations over the 
plane C, viewed as equations for equivalence classes W of triples (P,A,u). Let 
M,uj,G,q, (•, -) B ,/i and J be as in Chapter[l]0, and (£, j) := C, equipped with the 
standard area form loc = loq. 

3.1. Equivariant homology, the Chern number, and the Maslov index 

We fix numbers 

2 

p > 2, A > 1 . 

P 

Then every equivalence class W € B p x of triples (P, A, u) e B\ (defined as in (|1.16|l ) 
carries an equivariant homology class [W] G H^iM, Z), whose definition is based 
on the following lemma. Let P be a topological (principal) G-bundle over 
and u : P — > M a continuous equivariant map. By an extension of the pair 
(P, u) to S 2 we mean a triple (P, t, u), where P is a topological G-bundle over S 2 , 
l : P — » P a morphism of topological G-bundles which descends to the inclusion 
C — > C U {oo} = S 2 , and u : P M a continuous G-equivariant map satisfying 

UO i = u. 

52. Lemma. The following statements hold. 

(i) For every triple (P, A, u) £ B p x there exists an extension (P, t, u) of the pair 
(P, it), such that G acts freely on u(Poo) C M, where P M denotes the fiber of 
P over oo. 

(ii) Let P be a topological G-bundle over C, u : P M a continuous G- 
equivariant map, and (P,l,u) an extension of (P, w), such that G acts freely 
on -u(Poo). Furthermore, let (P', m', P', t', w') be another such tuple, and 
$ : P' — > P an isomorphism of topological G-bundles, such that it' = u o <E>. 
Then there exists a unique isomorphism of topological G-bundles $ : P' P, 
satisfying 

(3.1) $ot' = io$, u' = uo$. 

The proof of this lemma is postponed to the appendix (page For the 

definition of [W] we also need the following. 

*As always, we assume that hypothesis (H) (see Chapter [TJ is satisfied. 
2 Such a bundle is trivializable, but we do not fix a trivialization here. 
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53. Remark. Let G be a topological group, X a closecQ oriented topologi- 
cal (Hausdorff) manifold of dimension k, P — > X a topological G-bundle, Y a 
topological space, equipped with a continuous action of G, and u : P — > Y a G- 
equivariant map. Then u carries an equivariant homology class [u]g G H^(Y,Z), 
defined as follows. We choose a universal G-bundle EG — > BG and a continuous 
G-equivariant map 9:P^ EG0 The map (u, ff) : P — > Y x EG descends to a map 
u G : X -> (y x EG)/G. We dehne 

[u] G G ^(^Z) - H fc ((y x EG)/G,Z) 

to be the push- forward of the fundamental class of X, under the map uq- This 
class does not depend on the choice of 6, nor on EG in the following sense. If 
EG' — > BG' is another universal G-bundle, then the corresponding class [u]' G G 
Hk((Y x EG')/G,Z) is mapped to [u]g under the canonical isomorphism^] 

H k ((Y x EG')/G,Z) -> H k ((Y x EG)/G,Z).D 

54. Definition (Equivariant homology class). We define the equivariant ho- 
mology class [W] G H§{M,'L) of an element 

We( (J *sV~p 

Vp>2,A>l-| / 

to be the equivariant homology class of u : P — > M , where (P, t, u) is an extension 
as in Lemma [52j corresponding to any representative (P, A, u) of W. Here the 
equivalence relation ^ p is defined as in Section 11.41 

It follows from Lemma [52] that this class does not depend on the choices of 
(P, l, u) and w. 

55. Remark. The condition A > 1 — 2/p is needed for [W] to be well-defined, 
for every W G B p x . Consider for example the case M := R 2 ,w := uio,J := i and 
G := {1}. Let p > 2. We choose a smooth map u : C x {1} S C R 2 such that 

u(z)= (sinolog |z|),0), V«GC\Bi. 

Then the equivalence class of (P := Cx {1}, 0, u) lies in B p x , for every A < 1 — 2/p. 
However, there is no extension of (P, it) as in Lemma l52| since diverges, as 
|z| — > oo. Therefore, [W] is not well-defined. □ 

56. Remark. Let p > 2 and G Bf oc = B p oc / ^ p be a gauge equivalence 
class of triples (P, A, it) of Sobolev classQ Assume that every representative of W 
satisfies the vortex equations (|1.8|1.9j) . the energy of W is finite, and the closure of 
its image compact. As explained in Remark [9] in Section [L~5| we have W G B p , for 
every A < 2 — 2/p. Therefore, the equivariant homology class of W is well-defined. 
□ 



i.e., compact and without boundary 
^Such a map descends to a classifying map X —> BG. 

^This isomorphism is induced by an arbitrary continuous equivariant map from EG' to EG. 
^Recall from Section 11.41 that each such triple consists of a G-bundle of class , and a 

connection A and a G-equivariant map u : P — > M of class ■ 
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The contraction appearing in formula (|1 .27|) has a concrete geometric meaning. 
It can be interpreted as the Maslov index of a certain loop of linear symplectic 
transformations, as follows. Let (M, ui) be a symplectic manifold and G a connected 
compact Lie group, acting on M in a Hamiltonian way, with momentum map fi. 
Assume that G acts freely on /x _1 (0). Let £ be a compact, connected, oriented 
topological surfaceQ with non-empty boundary. We associate to this data a map 
m Y..Lo.n, called "Maslov index", as follows. The domain of this map consists of the 
weak (w, /x)-homotopy classes of (w, /^-admissible maps from £ — > M, and it takes 
values in the even integers. 

Here we call a continuous map u : £ — > M {uj, /inadmissible, iff for every 
connected component X of the boundary <9£ there exists a G-orbit which is con- 
tained in /i _1 (0), and contains the set u{X). We denote by C(E,M;w,/x) the set 
of such maps. We call two maps uq,u\ € C(E, M; uj, fij weakly (w, /i)-homotopic, 
iff they are homotopic through such mapsH This defines an equivalence relation on 
C(S, M; uj, fu. We call the corresponding equivalence classes weak (uj, n)-homotopy 
classes. 

57. Example. Consider R 2 ™ = C", equipped with the standard symplectic 
form uj := ujq, and the action of S 1 C C given by 

z- (zi,...,z n ) := (zzi,...,zz„), 

with momentum map 

(3.2) fi:C n ^ (Lie^ 1 )* S LieS 1 = iR, fj,(zi, . . . , z n ) := - 

We have /Lt _1 (0) = 5 2 " -1 C C", and the 5' 1 -orbits contained in the unit sphere are 
the fibers of the Hopf fibration S* 2 ™" 1 -> CP" -1 . Consider the case in which £ is 
the unit disk DCC. Then for each integer d £ Z and each vector v £ g 2 ™- 1 the 
map 

(3.3) u d>v :B^C n , u d>v (z) := z d v 

is (wo, /^-admissible. Furthermore, u d ,v and Ud< y are weakly (ujq, /i)-homotopic 
if and only if d = d! . To see this, note that if d = d' then a homotopy between 
the two maps is given by [0,1] x D 9 (t,z) i-> z d w(i), where v G C([0, 1], S 2 ™" 1 ) 
is any path joining v and v' . Conversely, assume that Ud. v and Ud' , V ' are weakly 
(wo, A*)-homotopic. Then by an elementary argument, there exists a smooth weak 
(ujq, /i)-homotopy ft, : [0, 1] x B — > C™ between these maps. It follows that 




d'w = / u* d , v ,uj Q = / u* dv uj + / h*oj = dn + 0, 

Jd jd J[o,i]xaiD) 

where in the last equality we used the fact that for every v £ TcW, dh(t, -)v is 
tangent to the characteristic distribution on S' 2 ™ -1 0, and therefore uJo(-,dh(t, -)u) 
vanishes on vectors tangent to 5 2,l_1 . Therefore, we have d = d' . This proves the 
claimed equivalence. □ 



''i.e., real two-dimensional topological manifold 

^This means that there exists a continuous map u : [0, 1] X £ — > M, such that u(i, •) = Uj, 
for i = 0,1, and for every t £ [0, 1] we have u(t, ■) £ C(S, M; /i) . 

^This follows from the fact that by assumption, h(t, 9D) is contained in a Hopf circle, for 
every t G [0, 1]. 
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The definition of the map ms ;U;jl is based on the following Maslov index of a 
regular symplectic transport over a curve. Let X be an oriented, connected, closed 
topological curvj"! and {V,uj) a symplectic vector space. We denote by Auto; the 
group of linear symplectic automorphisms of V . We define a regular symplectic 
transport over X to be a continuous map $ : X x X — > Autw satisfying 



Here Zq £ X is an arbitrary point, p u : Aut(w) — > S 1 denotes the Salamon-Zehnder 
map (see [SZi Theorem 3.1.]), and deg the degree of a map from X to S 1 . This 
definition does not depend on the choice of Zq, by some homotopy argument. 

Let now M, u},G,/i, E be as before, and a a weak (u, /i)-homotopy class. To 
define m Wj/J (a), we choose a representative u : E — > M of a, a symplectic vector 
space (V, O) of dimension dimM and a symplectic trivialization W : E x V — ► 
u*TM0j Let A be a connected component of <9E. We define the map 



Here g z ', z G G denotes the unique element satisfying it(z') = g z / >z u(z), g z \ z - denotes 
the induced action of g z ^ z on TM, and ^ z := ^(z, •). The map <&x is a regular 
symplectic transport. 

58. Definition (Maslov index). We define 



where the sum runs over all connected components X of 9E. 

This definition does not depend on the choices of the symplectic vector space 
(V, fi) and the trivialization ty. This follows from the fact that (|3.5[) agrees with 
the Maslov index associated with a and the coisotropic submanifold /i _1 (0) C M, 
as defined in |Zi3| . See |Zi3[ Lemma 45] . 

Remark. This Maslov index is based on a definition by D. A. Salamon and 
R. Gaio (for E =B), see [GS], □ 

59. Example. Consider the situation of Example [53 with Ud, v defined as in 
(|3.3[) . This map carries the Maslov index 



where [• • • ] denotes the (ljq, /i)-homotopy class. This follows from a straight-forward 
calculation. □ 

We now return to the setting of the beginning of this section. We define E to 
be the compact oriented topological surface obtained from C by "gluing a circle 
at oo" to it [3 The class W carries a weak (w, /i)-homotopy class, whose definition 
relies on the following lemma. 

■'■"i.e., a real one-dimensional topological manifold 

^Such a trivialization exists, since the group AutH is connected, and the surface E defor- 
mation retracts onto a wedge of circles. Here we use that S is connected and has non-empty 
boundary. 

12 This surface is homeomorphic to the closed disk DCC. 




$x : X x X -> Autfi, $jf («', z) := ^>/g z >, z ■ * z . 



(3.5) 




mo,u, ,»{[ud,v]) = 2dn, 
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60. Lemma. Let p > 2, A > 1 - 2/p, and (P, A, u) G B\. There exists a section 
a : C — > P of class W such that the map uo cr : C — > M continuously extends to 
E. Furthermore, for every such section a the corresponding extension u : X — > ill 
is (w, /^-admissible. 

The proof of this lemma is postponed to the appendix (page |99)) . Let 

We( |J 

\p>2,A>l-| / 

61. Definition. We define the (u>, fj,)-homotopy class of W to be the weak 
(w, /i)-homotopy class of the continuous extension u : E — ► M of the map uo a : 
C — > M. Here (P, A, it) is a representative of W, and cr a section of P as in the 
previous lemma. 

By Lemma [85] in Appendix this homotopy class is independent of the choice 
of the section a. Furthermore, it follows from a straight-forward argument that it is 
independent of the choice of the representative (P, A, u). The contraction appearing 
in formula (|1.27l) can now be expressed as follows. 

62. PROPOSITION (Chern number and Maslov index). We have 

2(cf (M,lj), [W]) — ms,o), J u((w,/x)-homotopy class of W). 

The proof of this result is postponed to the appendix (page [102]). 

Example (Maslov index of a vortex) . Let (M,u>,J,G) := (M 2 , w , i, S 1 ), (•, -) B 
be the standard inner product on g :— Lie(S' 1 ) = iR, the action of S 1 C C on 
M. 2 — C be given by multiplication, with momentum map as in (|3.2[) with n = 1, 
£ := C, equipped with the area form wo, and W a gauge equivalence class of smooth 
finite energy vortices. By Proposition 1231 and Remark 1561 the equivariant homology 
class [W] is well-defined. Furthermore, we have 

(c°(M,u),[W]) = deg(W), 

where the degree deg(PF) is defined as in (|2.18|) . This follows from Proposition [62] 
and a straight-forward calculation of the Maslov index of the (w, /^)-homotopy class 
ofW. □ 

3.2. Proof of the Fredholm result 

In this section Theorem [4] is proved, based on a Fredholm theorem for the 
augmented vertical differential and the existence of a bounded right inverse for L* w , 
the formal adjoint of the infinitesimal action of the gauge group on pairs (A, u). In 
the present section we always assume that 

n := (dimM)/2 - dimG > 0. 

3.2.1. Reformulation of the Fredholm theorem. In this subsection we 
state the two results mentioned above and deduce Theorem [4] from them. To 
formulate the first result, let p > 2, A G R, B\ be defined as in (|1.16[) . and w :— 
(P,A,u) eB p x . We denote 

imL := {(x, L x £) \ x G M, £ € fl}, 
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and by Pr : TM — > TM the orthogonal projection onto imL. Pr induces an 
orthogonal projection 

Pr u : TM U := (u*TM)/G TM U 

onto (u*\mL)/G. Recall that A 1 (gp) denotes the bundle of one-forms on R 2 with 
values in gp. We write 

Pr"C := {a,Pr u v), V(=(a,v) € A 1 (g P ) © TM U . 

Note that imL is in general not a subbundle of TM, since the dimension of imL x 
may vary with x € M. Recall that Ty^(E) denotes the space of -sections of a 
vector bundle E. For C € ^(A 1 (g P ) © TM U ) we define 

||CL,p,a := ||Clk P ,A + ||Pr u C|| P ,A, 

where ||CIU, p ,a is defined as in (flTTS)) . Recall the definition (TOT]) of We 
denote by r^(gp) the space of L^-sections of gp. We define 

(3.6) X w := X>* := {( e (A 1 ( 0P ) © TM U ) | U\\ w , P ,x < oo}, 

(3.7) y w --=y% x :=y% x ®ri( gp ), 

Recall the definition (j!.19|) of the formal adjoint map for the infinitesimal action of 
the gauge group on pairs (A,u). Restricting the domain and target, this becomes 
the operator 

L* w : XI* -> rjOjp), L* w (a, v) := -d* A a + L* u v. 

It follows from the fact L* = L* Pr^ (for every x £ M) and compactness of u(P) 
that this operator is well-defined and bounded. We define the augmented vertical 
differential of the vortex equations over C at w to be the map 

(3.8) V w :=V^ : -> y*\ 

/ ^7 A v + L u a)°' 1 -\j{V v J)(d A u)^ \ 

(3.9) V w ( := I G? A a + <^>o dfi(u)v I • 

V / 

63. Theorem (Fredholm property for the augmented vertical differential). Let 
p > 2 and A > — 2/p + 1 be real numbers, and w := (P,A,u) E B\. Then the 
following statements hold. 

(i) The normed spaces (XP' X , || • \\ w , p ,x) ,y^' X and r^(gp) are complete. 

(ii) Assume that -2/p+l<A<-2/p + 2. Then the operator V w (as in (|3.8I3.9|1 ) 
is Fredholm of real index 

md3 w = 2n + 2(cf (M,u), [[to]]), 

where [w] denotes the equivalence class of w, and [[w]] denotes the equivariant 
homology class of [w]. 

This theorem will be proved in Section [3.2.2[ based on the existence of a suitable 
trivialization of A 1 (qp) © TM U in which the operator V w becomes standard up to 
a compact perturbation. 

The second ingredient of the proof of Theorem @] is the following. 

64. Theorem. Let p > 2, A > 1 - 2/p, and w := (P, A, u) e B\. Then the map 
lAu ■ X?' x — > r^(gp) admits a bounded (linear) right inverse. 
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The proof of Theorem [64] is postponed to Section l3.2.4l (page l86]) . It is based on 
the existence of a bounded right inverse for the operator d* A over a compact subset 
of R n diffeomorphic to B\ (Proposition IM]) and the existence of a neighborhood 
U C M of /i _1 (0), such that 

inf{|L x £l \x€U,£€0: |f| = 1} > 0. 

Recall the definition (|2.14|) of the subset M* of M. Theorem 0] can be reduced to 
Theorems l63l and l64l as follows: 

Proof of Theorem H (p. EJ). Let p > 2, A > 1 - 2/p, and G B p x . 
We prove statement ([I]). 

Claim. We have 

X w := = X := ker (LJ, : -> r*( 0P )), 

and the restriction of the norm || • || W j,,a to X w is equivalent to || • || WlP x- 

Proof of the claim. It suffices to prove that X w C K and this inclusion is 
bounded. Hypothesis (H) implies that there exists 8 > such that pT l {B$) C M* . 
We have 

c:=mm{\L x ^\\xen- 1 (B s ),^eg: |£| = 1} > 0. 
It follows from Lemma [84] in Appendix IA.3I that there exists R > such that 
u (P\c\b r ) ^ Let ^ = (a,i>) G A^,. Then L* u v = d* A a, and thus, using the 

last assertion of Remark ll25l in Appendix IA.71 

||Pr"f|| P ,A < c- l \\L* u v\\ p , x < c- 1 ||V A a|| p ,A < c" 1 ||CIU, P) A < oo. 

Hence X w C K, and this inclusion is bounded. This proves the claim. □ 

Statement ([!]) follows from Theorem [55tp]) and the claim. 
Statement ([II]) follows from Theorem [S5tpl]) , Theorem [M] and Lemma 11221 
(Appendix IA.7|) with 

X:=X W , Y:=y w , Z :=T p x (q p ), T := L* w , D':X w ^y w , 

where D'( is defined to be the vector consisting of the first and second rows of T> W C, 
(as in (pT5]l). This proves Theorem 0] □ 

3.2.2. Proof of Theorem 1631 (augmented vertical differential). This 
subsection contains the core of the proof of Theorem [63] Here we introduce the 
notion of a good complex trivialization, and state an existence result for such a 
trivialization (Proposition [66]) . Furthermore, we formulate a result saying that 
every good trivialization transforms T> w into a compact perturbation of the direct 
sum of copies of d s and a certain matrix operator (Proposition [57]). The results of 
this subsection will be proved in Subsection 13.2.31 

We denote by s and t the standard coordinates in R 2 = C. For v G M n and 
d G Z we denote 

(v) := x/T+W, Pd : C -> C, Pd (z) := z d . 

We equip the bundle A (flp) with the (fiberwise) complex structure Jp defined by 
J pa := —ai. Furthermore, we denote 

C := ®iC, V := C" © C © g c , 
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and for a £ C we use the notation 

a ■ ©id : V -> V", (V, . . . , v n , a, /?) i-> (aw 1 ,?; 2 , . . . , v n , a, ft) . 
For x £ M we write 

: g c -> T X M 

for the complex linear extension of . We define 

H x := kcr dfi(x) n (imL^)^, Va; G M. 

Note that in general, the union H of all the H x 's is not a smooth subbundle of 
TM, since the dimension of H x may depend on x. However, there exists an open 
neighborhood U C M of /i _1 (0) such that H\u is a subbundle of TM\jj. Let p > 2, 
A > -2/p + 1 and w := (P, A, u) G We denote 

(3.10) d:=(cf(M,cj),[W}). 
For 2 G C we define 

H% ■= {G-(p,v)\ P e7r- 1 (z) cP,v£ H u(p) }. 

Consider a complex trivialization (i.e, a bundle isomorphism descending to the 
identity on the base C) 

*:Cxy4 A 1 {q p )®TM u . 

65. Definition. We call \P good, if the following properties are satisfied. 

(i) (Splitting) For every z £ C we have 

(3.11) ^(C"®0 C ®{O» ={0}®TM z ", 

(3.12) *,({0}®{0}©fl c ) -A 1 ( 0P )©{O}. 

Furthermore, there exists a number P > 0, a section er of P — > C \ B±, of 
class Wi ^, and a point G /i _1 (0), such that the following conditions are 
satisfied. For every z £ C \ Pp we have 

(3.13) * Z (C"©{0}©{0}) = H U Z1 

u o a(re lip ) — > Xqo, uniformly in ip £ R, as r — > oo, 
aMeLP(C\P 1 , ), 

and for every z G C \ P^ and (a, /3 = ip + iip) £ g c (B Q C , we have 

(3.14) *,(0, a, fi) = (G ■ (a(z), tpds + ^dt) , G ■ (u o a(z), P^ oct(z) (a))) . 

(ii) There exists a number C > such that for every (z, £) G C x V 

(3.15) C^ICI < |^((z) d -©id)C| <C|C|. 

(iii) We have | V A (*(p rf • ©id)) | eL^(C\Bi). 

The first ingredient of the proof of Theorem [53] is the following result. 

66. Proposition. If p > 2, A > —2/p+ 1, and w := (P,A,u) £ B p Xl then there 
exists a good complex trivialization of A 1 (qp) © TM U . 
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The proof of this proposition is postponed to subsection 13.2.31 (pagcl78]). The 
next result shows that a good trivialization transforms T> w into a compact pertur- 
bation of some standard operator. We denote No := NU {0} and 

n 

|a|:=X>, d a :=d^---d^, Va = (a u . . . ,a n ) e NJ. 

i=l 

Let 1 < p < oo, n £ N, k £ N , A € R, O C i n be an open subset, W a real or 
complex vector space, and u : — » W a fc-times weakly differentiable map. We 
define 

Ml^w) ■= £ llO A+w ^|| iW) e[o,oo], 

|a|<fc 

IMIw*-*(n,wo := £ IIO^NMfW) G [0,oo], 

|o|<fc 

(3.16) ^(0,^) := {uGW^Cn.WJIIH^n^^oo} 

(3.17) W A fc *(n,W) := {u£Wt!(n,W)\\\u\\ w ^ {nw) <oo}. 

If (Xj, || • \\i), i — 1, . . . , k, are normed vector spaces then we endow X\ © • • • © 
with the norm ||(a;i, . . . ,Xk)\\ '■= J2i ll^illi- Let d £ Z. If d < then we choose 
po £ C°°(C, [0,1]) such that p (z) = for \z\ < 1/2 and p Q (z) = 1 for \z\ > 1. 
In the case d > we set po :— 1. The isomorphism of Lemma [SS] (Appendix IA.4[) 
induces norms on the vector spaces 

(3.18) X^-CpoPd + L^^iCC), ^-C^+^fCC- 1 ). 
We define 

X d := X^ x := ;% Aid © ^ © W^ P (C, f © C ), 

5><i := y p d X := L{_ d (C, C) © Ll(C, C"" 1 © C © C ). 

For a complex vector space we denote by 8™ {dY) the operator \{d s + id t ) 
{\{d s — id t )) acting on functions from C to W. We denote by (•, the hermitian 
inner product on g (complex anti-linear in its first argument) extending (-,-) fl . 
Furthermore, we denote by A°' l (TM u ) the bundle of complex anti-linear one-forms 
on C with values in TM U , and define the isomorphisms 

Fi : TM U -> A°' 1 (TM U ), F^v) := {ds - Jdt)v, 
F 2 ■ A 1 (q p ) -> A 2 (g P )®Q P , F 2 ((pds + ipdt) := (tpds A dt, (p), 
F : A 1 (g P ) © TM U -> A°- 1 (TM U ) © A 2 (g P ) © g P , F(a, v) := (F lV , F 2 a). 

We are now ready to formulate the second ingredient of the proof of Theorem 1631 

67. Proposition (Operator in good trivialization). Let p > 2, A > —2/p+ 1, 
w := (P,A,u) £ B p x , and 

* : C x V -> A 1 (q p )(BTM u 

be a good trivialization. We define d as in (|3.10[) . The following statements hold, 
(i) The following maps are well-defined isomorphisms of normed spaces: 

(3.19) x d 3 c >-> *c g x w , y d 3t^F*(£y w 
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(ii) There exists a positivd^l C-linear map Soo ■ C — > Q c such that the following 
operator is compact: 



(3.20) S := (F*)- 1 ^* - df © a * f/j : ^ y d 




The proof of Proposition [57] is postponed to subsection 13.2.31 (page [HJJ . It is 
based on some inequalities and compactness properties for weighted Sobolev spaces 
and a Hardy- type inequality (Propositions [HH] an d EH in Appendix IA.4I) . 

Proof of Theorem [63] (p. [71]) . We fix p > 2, A > — 2/p + 1, and a triple 
u> := (P, A, u) e S^. We prove part ([!]). The space fj3. 16[) is complete, see |Lol| . 
The same holds for the space (|3.17j) by Proposition l90ljiIT) (Appendix IA.4j) . Com- 
bining this with Propositions l66l and IBTlj ij) . part ((TJ) follows. 

Part ([IT]) follows from Propositions!^ andlBTtjiij). Corollary [Ml and Proposition 
[571 (Appendix [A~4|l . This proves Theorem 1631 □ 

68. Remark. An alternative approach to prove Theorem [63] is to switch to 
"logarithmic" coordinates r + i<p (defined by e T+l{p = s + it E C \ {0}). In these 
coordinates and a suitable trivialization the operator T> w is of the form d T + A(t). 
Hence one can try to apply the results of [RoSaJ. However, this is not possible, 
since A(t) contains the operator v H ► e 2T dfi(u)v dr A dip, which diverges for r — > oo. 
□ 

3.2.3. Proofs of the results of subsection 13.2.21 

Proof of Proposition [661 (p. [761) . Let p, A and w be as in the hypothesis. 
We choose a section a of P\c\Bi and a point E /i _1 (0) as in Lemma [84] in 
Appendix IA.3I 

1. Claim. There exists an open G-invariant neighborhood U C M of Xoo such 
that H | u is a smooth subbundlc of TM with the following property. There exists 
a smooth complex trivialization ^> u : U x C" — > H\u satisfying 

*^«0 = g^v a ~ gV u (x, v ), \/g eG,xeU,v E C". 

Proof of Claim [TJ By hypothesis (H) we have Xoo E M* (where M* is de- 
fined as in (|2.14[) ). We choose a G-invariant neighborhood Uq C M* of x^ so small 
that ker d/i(x) and (imi x ) intersect transversely, for every x E Uo. Then H\jj is 
a smooth subbundle of TM\u Q . Furthermore, by the local slice theorem there exists 
a pair (U,N), where U C [7 is a G-invariant neighborhood of and A C 17 is a 
submanifold of dimension dim M — dim G that intersects Gx transversely in exactly 
one point, for every x E U . We choose a complex trivialization of H | jv and extend 
it in a G-equivariant way, thus obtaining a trivialization 1 i< u of H\ij. This proves 
Claim [TJ □ 

We choose U and ^ u as in Claim[TJ It follows from Lemma l84l that there exists 
R > 1 such that u(p) € C7, for p E 7r _1 (z) C P, if z E C \ B R . We define 

: (C \ Sfl) x (C" © g c ) TM U = (u*TM)/G, 

*S°(«b,a) = G • (uo a(z), *£ ocr(z) (^ • ffiid)« + iL a(z) a) . 
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This means that (Soo^, u)f > for every ^ u 6 
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This is a complex trivialization of TM U \c\b r (of class W lo ',f). 

2. Claim. ^""Icvbr+i extends to a complex trivialization of TM U . 
We define / : C \ {0} -> S* 1 by /(z) := z/\z\. 

Proof of Claim [2J We choose a complex trivialization 
'J -0 : Br x (C" 9g c )^ TM u | Sfl 
of class W^f We define 

(3.21) $ : S R := {z e C | |z| = i?} -> Aut(C fi © g c ), 

For a continuous map x : — > S* 1 we denote by deg(x) its degree. 

3. Claim. We have 

(3.22) (cf (M, w), [[to]]) = deg(/ o det o$). 

Proof of Claim [31 We define P to be the quotient of P]\ ((S 2 \ {0}) x G) 
under the equivalence relation generated by p ~ (z,g), where g € G is determined 
by o-(z)g = for p e 7r _1 (z) C P, z e C \ {0}. Furthermore, we define 

~ s „ ^ ~/r i\ f w(p), for p G P, 

u : P M, u([p]) := | ;= for J g G 

The statement of Lemma [5H implies that this map is continuous and extends u. The 
fiberwise pullback form u*uj on P descends to a symplectic form ui on the vector 
bundle TM U — (u*TM)/G — > S 2 . Similarly, the structure J induces an complex 
structure J on TM W . The structures ui and J are compatible, and therefore, we 
have 

ci(TM K ,5) = ci(TM a , J). 
Using Lemma [SB] in Appendix IA.31 it follows that 

(3.23) (cf (M,u), [[«,]]) = (ci(TM", J), [5 2 ]). 
We define the local complex trivialization 

: (S 2 \ B R ) x (C fi © fl c ) TM S , 

zl0 ' j - \ G-doo.ll.^wb + L^a), if 2 = oo. 

Recalling the definition (|3.2ip . we have 

= (^r^f , VzeS R . 

Therefore, $ is the transition map between VP and It follows that 

(ci(TAf s , J)[S 2 ]) =deg(/odeto$). 
Combining this with (|3.23l) . equality (|3.22|) follows. This proves Claim [3l □ 



^To see that such a trivialization exists, we first choose a continuous trivialization Vf of the 
bundle. An argument using local trivializations of class Wj shows that we may regularize 'J' , 
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We denote d := (cf (M, w), [[w]]). By Claim [3] and Lemma [1231 in Appendix 
IA.7I the maps $ and 

Sjj3zH (z d • ©id) e Aut(C" © fl c ) 
are homotopic. Hence there exists a continuous map 

h:B R \B l Aut(C"ffi fl c ), 
such that fr z := h(z) = (z d ■ ©id), if z £ £f, and ^ = $(z), if z £ Sjj. We dchnc 

f for z e C \ £?,?,, 

*:Cx (C fi ffi0 C )-^TAf M , *,:=^ ^° z h z ( Z - d ■ ®id), forz£B R \B u 

[ for z £ Bl 

Regularizing ^ on the ball -Br+i, we obtain the required extension of ^""Icvbb+i 7 
of class Wfo£. This proves Claim [2j □ 

We define the trivialization 

(3.24) $°° : (C\B«)xfl c -> A 1 (bp\c\b h ), $~(^ + #) := G- (a(z), yds+ij)dt). 

4. Claim. ^^Icvbh+i extends to a complex trivialization of the bundle A 1 {qp) 
over C. 

PROOF of Claim [H We denote by Ad and Ad c the adjoint representations 
of G on q and q c respectively. We have 

det(Ad^) = det(Ad s ) el, V 5 e G. 

We choose a continuous section a of the restriction -P|b h - We define g : S R — > 
G to be the unique map such that a{z) = a{z)g{z), for every z £ Sr. Since 
/ o det(Ad^) = ±1, we have 

deg (sje9zH+/odet(Ad£ (2) )) = 0. 

Hence Lemma 11231 (Appendix IA.7|) implies that there exists a continuous map 
$ : S fl Aut( c ) satisfying $ 2 := $(z) = M^ {z) , for every z £ S^. We define 
W : Cxg c —> A 1 (gp) to be the trivialization that equals ^>°° onC\B R , and satisfies 

$ z a := G ■ (a, (p'ds + ip'dt) , 

where tp' + ii/)' :— $ z a, for every z £ B R , a £ g c . Regularizing \I> on the ball B R+ i, 
we obtain an extension of ^ x \c\b r+1 i of class W^. This proves Claim[4] □ 

We choose extensions \& and ^ of and , J 00 as in Claims [2] and HJ and we 
define 

V :CxV ^ A 1 ( QP )(BTM U , y{z;v ,a,(3) := ($,0,*,(«o,a)). 

5. Claim. The map \& is a good complex trivialization. 

Proof of Claim [5l Condition ([!]) of Definition |55] follows from the construction of 
*i>. (The condition cr*^4 £ L^(C \ B\, g) follows from the statement of Lemma l84l) 
To prove ([11]), note that for z £ C \ B R+ i and (vq, a, (3) £ V, we have 

(3.25) |v|/ z (z d .ffiid)(«o,a,/3)| 2 = |/3| 2 + |< 0ff(z)W o| 2 + |L^ (z) a| 2 . 
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Here we used the fact H x = (imi^) , for every x £ M. By our choice of U, 
H\u C TM\u is a smooth subbundle of rank dimAf — 2dimG. It follows that 
imL c \u = H^\jj is a smooth subbundle of TM\u of rank 2dimG. Hence 1% : 
g c — > T X M is injective, for every x £ U . Since by assumption u(P) C M is 
compact, the same holds for the set u(P\c\b r+1 ) Q u {P)- It follows that there 
exists a constant C > such that 

C-%1 < Ko*( z) vo\ < C\v \, C~ l \a\ < \L c UO(j(z) a\ < C\a\, 

for every z £ C\ -Br+i, Vq £ C n , and a £ g c . Combining this with equality (|3.25p . 
condition (JTiJ) follows. 

We check condition (|TTT]> . Let 

C:= (v ,a,/3 = cp + ii>) £ V, z£C\B R+1 , v £ T Z C. 

We choose a point p £ 7r _1 (z) C P and a vector v £ T P P such that ir*v = v. Then 

V^($(p d • eid)(«d, a)) = G • (u(p), v£««o + l£a)), 

where V- is defined as in (|A.62I) . Furthermore, for every smooth vector field X on 
U we have 

= (u*v)v- P (Av)X — v dAU .yX. 

We define 

G := max|V^(tf£i/' + i£a)|, 

where the maximum is taken over all v' £ T X M, x £ u(P\c\b r+1 ) an d (v",a) £ 
C" ® C such that < 1, \(v", a)\ < 1. Furthermore, we define 

C := \\d A u\\ L P {c \ BR+l) . 

It follows that 

(3.26) \\V^{n Pd -®id)(v ,a))\\ LlicXBR+i) < CC'\v\\(v ,a)\. 

We now define tp, ip ■ P — > Q to be the unique equivariant maps such that tp o a = tp, 
ip o a = tp. We have dA^pcr^v — [(a*A)v, ip], and similarly for ip. Since 

V^ v (ipds + ipdt) = (dA<p<J*v)ds + (dA^<r*v)dt, 

using (|3.24p . it follows that 

\v£($(tpds + <ipdt))\ = \G- (a(z),W^ v (ipds + ijdt)) \ = \[(<t* A)v, f3]\. 

Using the fact ||cr*j4|| Pl A < oo and inequality (|3.26|) . condition (jm} follows. This 
proves Claim [5] and concludes the proof of Proposition [66l O 

Proof of Proposition \U7\ (p. [77D . Let p,X,w = (P,A,u) and * be as in 
the hypothesis. We choose po £ G°°(C, [0, 1]) such that po(z) — for z £ B 1 / 2 and 
Po{z) = 1 for z £ C \ B\. We fix R > 1, a and Xoo as in Definition [65tp1) . 

We prove statement ([]]). For every £ £ W lo ' c (C,V) Leibnitz' rule implies 

that 

(3.27) V A (*C) = (V^Cpd • ffiid)))(p_ d • ©id)C + ■ ®id)i?((p_ d • ©id)C). 
1. Claim. The first map in (|3 . 19[) is well-defined and bounded. 
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Proof of Claim [TJ Proposition l90t[I|) in Appendix IA.4I and the fact A > 
—2/p+ 1 imply that there exists a constant C\ such that 

(3-28) IKO-'-eidKL^CrllCH^, 

We choose a constant C2 := C as in part jn| of Definition [65l Then by Q3.15P and 
((3728J), we have 

(3.29) Halloo < CiC 2 ||ClU d VCe-?rf. 

It follows from (|3.13p and Q3.14p . the definition H x := kerdfj,(x) n imL^: and the 
compactness of u{P) that there exists C3 G R such that, for every £ 6 Xd, 

(3-30) || W(u)v'\ + |PrV| + \a'\ \\ p X < C a \\C\\$ d , 

where (1/, a') :— For r > we denote 

B r '■= C \ B r , || ' ||p,X;r != || ' ||i*[(BCr)< 

We define 

C 4 :=max{||V A (^(p d .eid))|| p A;1 ,C 2 }. 

By condition fm]) of Definition 1651 we have C4 < 00. Let C ^ Xd- Then by (|3.27p 
we have 

(3.31) ||V a (vI/C)IUa;1 < C 4 (||(p_d • ®id)C|| L oo (Bp) + ||D((p_d • ©id)C) || PiA;1 ). 
Defining 

C 5 :=max{-d2(- d + 3 )/ 2 ,2}, 
we have, by Proposition [90 tp v | . 

\\D(( P - d -^d)C)\\ pAa <c 5 \\c\\ Xd . 

Combining this with (|3.31l) and (I3.28p . we get 

(3-32) HV^OIUa;! <C 4 (2^C 1 +C , 5 )||Cb t! . 

By a direct calculation there exists a constant Cq such that 

I|v a 0I/C)||l P ( Bi ) < CallCH^, VCeAk. 

Claim [I] follows from this and (|3.29l3.30l3.32l) . □ 

2. Claim. The map X w 3 (' n- vp- 1 ^' g ;f d i s well-defined and bounded. 

Proof of Claim [2j We choose a neighborhood U C M of £t -1 (0) as m Lemma 
11261 (Appendix IA.7)) . and define c as in (|A.67p . and C\ := maxjc^ 1 , 1}. Since 
u o a(re z<p ) converges to Xoq, uniformly in ip G R, as r — > 00, there exists R' > R 
such that u{p) G [/, for every p G 7r _1 (Bg,) C P. Then ()3.13I3.14[) and (|A~67)) 
imply that 

(3.33) ||K/3)|| p>A . fl/ < d||vI/(0,a,/3)|| piA;fl , < d||C'|k 
where (uo,a, {$) := \& -1 C'j f° r every f G A^. 

3. Claim. There exists a constant C2 such that for every £' G A^, we have 

(3.34) ^((^^-©id^COL^n < CsHC'IU- 
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PROOF of Claim [3j It follows from equality (|3.27p and conditions (J11J and 
(jm| of Definition [65] that there exist constants C and C such that 

(3.35) ^((p-rf-eid)*- 1 ^)!^.! 
<C*(||V' 4 C'l|p,A + ||V A (*(p £i -©id))|| p!A ||C'||oo) < cr'HC'IU, VC'G^,. 

On the other hand, Leibnitz' rule implies that 

d(* _1 = * _1 (v A c' - (V A *)f" 1 ('). 

Hence by a short calculation, using Leibnitz' rule again, it follows that there exists 
a constant C" such that 

\\D((p p_ d ■ ©id)*- 1 ^)!!^) < c"\\C\\ w , C e x w . 

Combining this with (|3.35p . Claim [3] follows. □ 

Let C' € X w . We denote 

C := (v ,a, /?) := {p oP - d • ©id)*-^'. 

By inequality (I3.34|) the hypotheses of Proposition [91] in Appendix I A . 41 with n := 2 
and A replaced by A — 1 are satisfied. It follows that there exists 

Ceo := (t>oo,aoo,/3oo) €V = C n ®g c ®Q C , 
such that C > (re lv ) — > Coo 7 uniformly in p e M, as r — >• oo, and 

(3.36) IKC — Coc)i ■ | A '1 LP(C) < (dimM + 2dimG) _ P \\D(\ ■ | A || Lp(C) . 

p 

Since A > —2/p+ 1, we have 

/ o pA = °o. 

Hence the convergence (a, f3) —> (aoo,/3oo) and the estimate (|3.33[) imply that 
(aoo, /?oo) = (0, 0). We choose a constant C > as in part ([n} of Definition 1551 The 
convergence vq — > Voo and the first inequality in (|3.15l) imply that 

(3.37) |«oo| < INU < 2^C||C'||oo. 
We define 

(v\...,v n ,a,p) := *- x C - (poP^Jo, »4. ■ • • , V™ , 0, 0). 

Proposition [9Htlrvl) in Appendix IA.4I and inequalities (13.36)) and (|3.34p imply that 
there exists a constant C§ (depending on p, X,d and 'J, but not on £') such that 

(3.38) ll ul H^i-i! 1 _ £i (^f ) + II (^ 2 - - ■ - ^) ILi- l( sp) ^ CellC'IU - 

Finally, by a straight-forward argument, there exists a constant CV (independent 
of £') such that 

II^C'IIw^b*) < CVIIC'IU- 

Combining this with (|3.33I3.37I3.38|) . Claim H follows. □ 
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Claims [T] and [2] imply that the first map in (|3.19j) is an isomorphism (of normed 
vector spaces). It follows from condition (JTTJ) of Definition l65l that the second map 
in (|3.19[) is an isomorphism. This completes the proof of ([I]). 

We prove statement ([n]). Recall that we have chosen R > 0,a and Xoo as 
in Definition [65t|If . We define Soo : g c — > g c to be the complex linear extension of 
L* x ^L Xoo : q — > q. By our hypothesis (H) the Lie group G acts freely on ^ _1 (0). It 
follows that L Xoo is injective. Therefore is positive with respect to (-,-)g. By 
(|3.1ip and (|3.12[) there exist complex trivializations 

*i : C x (C fi 8 C ) -> TM U , * 2 :Cx C 4 A 1 (g P ), 

such that $ z (v ,a,P) = ((# 2 ) z /3, (*i)*(uo, <*))• We denote by 

i:0 C ^C fi ©0 C , pr:C fi ® c ^fl C 

the canonical inclusion and projection. We define 

■■= ® L^tC.C- 1 ) ® <' p (C,fl c ), Xj := W^(C,Q C ), 

K ■= x l © *J, *d ■= c PoPd e C"- 1 ® {(o, o)} c # d , 

$ := Ll_ d (C,C) © ^(CC*- 1 © C ), y d 2 := £ A (C,0 C ). 

Note that X d = X° + X' d and = ^ © 5^- We define 5 : — > as in (1X2TJ1) . 
Since Af^ 1 is finite dimensional, S\g is compact. Hence it suffices to prove that S\g, 
is compact. To see this, we denote 

q~( ds A dt dn(u) \ T = / d A \ 

and we define : X 3 d -> 5% (for i, j = 1, 2) and : X\ y\ by 

S\v := (F 1 ^ 1 r 1 ((V A ^ 1 )v)°'\ S\v := -(Fi^i)" 1 (j(V^ lV J)(d A u)^° /2) , 
S^a := (Fi^iJ-Hiu^a) ' 1 - "*A S> := ((F^a)"^*! - SooPr)w, 
S 2 2 a := (F 2 * 2 )- 1 (^*2)a. 

Here (T^ 2 )a := T{^>20t), for a € C (viewed as a constant section of Cx0 C ). (Recall 
also that Sao : C — > C is the complex linear extension of L x ^L Xac : q — > 0.) A 
direct calculation shows that 

S(v, a) = (S\v + S\v + S\a, S\v + S 2 2 a) . 

For a subset ICCwe denote by xx ■ C — >• {0, 1} its characteristic function. It 
follows that Xb r S\xi is of 0-th order. Since it vanishes outside Br, it follows that 
this map is compact. 

4. Claim. The operators Xb g ^% hi — 1,2, and Xb°" l are compact. 

Proof of Claim ^ To see that Xb^^i ^ s compact, note that Leibnitz' rule and 
holomorphicity of pa imply that 

(V^i) w - (V A (* x (p d • ©id))) 0,1 (p_<f • ©id), on C \ {0}. 

For a normed vector space V we denote by Cb(C, V) the space of bounded contin- 
uous maps from C to V . Since A > 1 — 2/p, assertions (jiv|) and Q of Proposition 
[50] imply that the map 

(pop-d • ©id) : X\ ->■ C 6 (C, C fi © C ) 
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is well-defined and compact. By Definition I65lfm| ). the map 

X B g(V A (*i(p d -®id))) 0,1 : C b (C,C n ® f) ^T p x (A ^(TM u )) 
is bounded. Condition fn} of Definition l65l implies boundedness of the map 

(F!*!)- 1 : T*(A°< 1 (TM n )) -> %. 
Compactness of Xsg<S' 1 1 follows. 

By the definition of B p , we have \<1au\ G L^(C). This together with Proposi- 
tion |90l[ivJ and |3) and Definition l65lfii]l implies that the map Xb^^i ^ s compact. 
Furthermore, it follows from Definition l65l[ i| that Xb°S 2 = 0- 

To see that XbI^i lSi compact, we define / : B^, — > End(g c ) by setting f(z) : 
C — > g c to be the complex linear extension of the map 

^*uoa(z)^uoa(z) ~ L* Xx> L XtyD : — > 0. 

Since u o a(re lip ) converges to Xoo, uniformly in <p, as r — > oo, the map f(re ltp ) 
converges to 0, uniformly in Lp, as r — >• oo. Hence by Proposition I90t|m]) . the map 

Wl' p (C, Q c )3a^ XbcJ* G Ll(C, C ) 

is compact. Definition l65lj l|) implies that Xb°S 2 i = Xsg/P r - It follows that this 
operator is compact. 

Finally, Proposition l90lf lf and parts (|uT|) and (|TTJ) of Definition l65l imply that the 
map Xb c S 2 2 i s compact. Claim [4] follows. It follows that the operator S : Xg 
(as in (|3!20[) ) is compact. This completes the proof of statement §u§ and hence of 
Proposition \67\ □ 

3.2.4. Proof of Theorem [64] (Right inverse for L%). For the proof of 
this result we need the following. Let n G N, I G No, p > n/(£ + 1), G be a 
compact Lie group, (•, -) B an invariant inner product on := Lie(G), X a manifold 
(possibly with boundary), and P — > X a G-bundle of class Wji 1 ' 1 '. We denote 
by 3p '■= (P x fl)/G — > X the adjoint bundle, and by A\^ C {P) the affine space 
of connections on P of class W^ p , i.e., of class W e ' p on every compact subset of 
X. If X is compact then we abbreviate A e ' p (P) := _4^(P). Let (v)x be a 
Riemannian metric on X and A G .Aj (P) . The connection A induces a connection 
d,A on the adjoint bundle gp = (P x Q)/G. For every i e N this connection and 
the Levi-Civita connection of (v)x induce a connection \7 A ,> on the bundle 
(T*X)® 1 (g) P . We abbreviate these connections by V A . Let k G {0, . . . ,£ + 1}. 
For a vector bundle 13 over X we denote by ^(S) the space of Wj^-sections of 
E. For a G rf^((T*X)®* ® Q P ) we define 

(3.39) \\a\\ k<PtA ■■= \\a\\ kjPiX ,(;-)x,A ■= II K vA )H(.,.> x ,(.,.}JLp(x,(.,.> x )' 

j=0,...,k 

where | • |(.,.) X) ( V ) denotes the pointwise norm induced by (•, -)x and (•, -) fl , and 
|| • \\lp(x,(-,-) x ) denotes the L p -norm of a function on X, induced by (v)x< We 
denote by A l (gp) the bundle of z-forms on X with values in gp, and 

(3.40) ni, PtA (9p) ■■= {« € rf^(^(0 P )) | \\a\\ k , p , A < oo}, 

(3.41) r^( p) := n° ktP!A (3p), r p (0p) := r^(g P ). 
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We denote by 

(3.42) d* A = - * d A * : nl p A (Q P ) -> r p ( 3P ) 

the formal adjoint of <1a, with respect to the L 2 -metrics induced by (•, -)x and 
(•, -) B . Here * denotes the Hodge star operator. 

69. Proposition (Right inverse for d* A ). Let n, G and (v) B be as above, 
p > n, and (A, (•, -)x) a Ricmannian manifold. Assume that X is diffcomorphic to 
B\ C R™. Then the following statements hold. 

(i) For every G-bundle P — > X of class VF 2 ' P and every connection one-form A 
on P of class W 1,p there exists a bounded right inverse of the operator (|3.42l) . 

(ii) There exist constants e > and C > such that for every G-bundle P — > X 
of class W 2 ' p , and every G -A(-P) satisfying ||Fa|Ip < £j there exists a 
right inverse F of the operator d* A (as in (|3.42|) ). satisfying 

|| Ji|| := sup {|| JZeilx^ | e e I*(8j>) : M\\ P < 1} < C. 

We postpone the proof of Proposition [BS] to the appendix (page I118P . 

Proof of Theorem [64] (p. [74]) . Let p, A and w = (P, A, u) be as in the hy- 
pothesis. We construct a map 

(3-43) R : Lf oc ( 0P ) Tl c (A\g P ) © TM U ) 

such that L* W R is well-defined and equals id, and we show that R restricts to a 
bounded map from T^(gp) to X P ' X . (See Claim[T]below.) It follows from hypothesis 
(H) that there exists 8 > such that p~ 1 (B s ) Q M* (defined as in ^J^ ). It 
follows from Lemma [84] in Appendix 13.11 that there exists a number a > such 
that u(p) £ p~ 1 (Bs), for every p e 7r _1 (C\ (—a, a) 2 ) C P. We choose constants ei 
and C\ as in the second assertion of Proposition [69] (corresponding to e and C, for 
n = 2). Furthermore, we choose constants Ci and £2 as in Lemma 1 1071 in Appendix 
IA.6I (corresponding to C and e). We define e := min{ei,£2}- By assumption we 
have | Fa | € L P X (C). Hence there exists an integer N > a such that 

( 3 - 44 ) II^H, S (c\(- W )< £ - 

We choose a smooth function p : [—1, 1] — > [0, 1] such that p = on [—1, —3/4] U 
[3/4,1], p = 1 on [-1/4,1/4], and p(-t) = p(t) and p{t) + p(t - 1) = 1, for all 
t € [0, 1]. We choose a bijection 

(<p,i>) :Z\{0}^Z 2 \{-A,...,A} 2 . 

We define [0,1] by 

if |i| < N, 

p(t) := i p(\t\-N), if J\T<|i|<JV+l, 




if |*| >N + 1, 

and po : C — > [0, 1] by po(s, t) := p(s)p(t). Furthermore, for i 6 Z \ {0} we define 

p, : C -» [0,1], p;(s,i) := p(s - <p(i))p(t - ip(i)). 
We choose a compact subset Fo C [— N — 1, A+ l] 2 diffeomorphic to B\, such that 

[-JV - 3/4, N + 3/4] 2 C intF , 
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and we denote fio := int-Ko- Furthermore, we choose a compact subset K C [—1, l] 2 
diffcomorphic to B>i, such that [—3/4, 3/4] 2 C mtK. For i G Z \ {0} we define 

fli := mtK + ((p(i),ip(i)). 

For ieZwe define 

By the first assertion of Proposition [55] there exists a bounded right inverse Rq of 
T . We fix i G Z \ {0}. Since A > 1 — 2/p > 0, we have ||i^|Up(n,) < H^IU^n,), 
and by inequality (J3T44J) , the right hand side is bounded by e. Hence it follows from 
the statement of Proposition [551 that there exists a right inverse Ri of T i; satisfying 

(3.45) ||^l|i,p,n i ,A<C 1 ||e|U P (n i); V£ G r^( 0P | f2 ,). 

We define 

R : Lf oc ( 0P ) -> T^^^gp)), i?£ := • ifc(£k)- 

iGZ 

Each section £ : C — > gp induces a section L u £ : C — > TM U . For every p G 
7r" 1 (C\ (-7V,7V) 2 ) C P we have u(p) € ^ 1 (B S ) C M*, and therefore the map 
L* u(p) L u{p) : -> g is invertible. We define i? : Lf oc (g P ) -> T\ oc {TM u ) by 

0, for z G (-7V,iV) 2 , 

^(L*^)" 1 ^-^^)^), for z e C \ (-7V,iV) 2 . 

Furthermore, we define the map (I3.43[) by 

J^:= (-i?C,i?0- 

The operator L* W R is well-defined and equals id. The statement of Theorem [64] is 
now a consequence of the following. We denote by r^(gp) the space of Z^-sections 

of 0p. 

1. Claim. The map R restricts to a bounded operator from r^(gp) to 
(defined as in 



(3.46) (R0(z) 



Proof of Claim [FJ We choose a constant C3 so big that 

(3.47) sup (z) pX < C 3 inf (z) pX , Vi G Z. 

For a weakly diffcrcntiablc section £ : C — >■ gp we denote 

IICIIi.p.a.a := ||C||p,A + IMa£|| p ,a- 

2. Claim. There exists a constant C4 such that 

lie - d* A R4\\i M < C4t\\ P ,\, V£ G r^(gp). 

Proof of Claim [2] Let £ G T p x (q p ). We denote a := R£ and a t := i?i(£k). 
Since X)i<=z /°i — 1; a straight-forward calculation shows that 

(3.48) d* A a = l;-J2*(( d Pi) A * a i)- 

iGZ 

Fix z E C Then |{i G Z| pi(z) 7^ 0}| < 4. Hence equality ([3~48]) implies that 

|(£-d»(z)| p <4f- 1 ||p'f 00 ^|a l (z)r 
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Combining this with (|3.45|3.47|) . we obtain 

||£ - d* A af PjX < A'Wf/Wl, max {C{ , ||^oir}C 3 £ UWl^y 

By (pTl8]) . we have 

|d A (e-d>)(,)| P <8P- 1 max{|| /9 ''|IL,llp'IIL}E(l^l P + l V ^l P )W- 

Using again (13.45[) . Claim [2] follows. □ 

We choose C4 as in Claim [2] The following will be used in the proofs of Claims 
|3] and |H below. Let £ € T p x (q p ). We abbreviate £ := £ - tf^.R£. By the fact 
£I(-jv,jv) 2 = 0, Lemma ["1071 in Appendix IA.6I (Twisted Morrey's inequality, using 
(|3~i3|) ). the fact A > 1 - 2/p > and Claim[2J we have 

(3-49) Halloo < C 2 ||£|| liP , A ^ < C 2 C 4 ||£|| p ,a. 

Recall that we have chosen 8 > such that n~ l {Bs) Q M*. We define 



(3.50) c := inf . 

I l£l 

Recall that Pr" : TM U -> TAf u denotes the orthogonal projection onto (u*imL) /G. 
Claim [T] is now a consequence of the following three claims. 

3. Claim. We have 

su p{||^L + III M*)*k\ + + \*k\\\ p ,x I e e rP( fl p) : ||£|| P;A < 1} < 00. 

Proof of Claim [H Let £ e r^(g P ) be such that 

neiUx<i. 

We denote £ := £ — d* A R^. Inequality (|3. 491) . Remark 11251 and the assumption 
||£|Ip,a < 1 imply that 

(3.51) ||i?£|U < c- x \\£,\\ L oo {CX{ _ N , Ny) < c- x C 2 Ci, 

where c is defined as in (|3.50[) . We fix i G Z and denote a; := i?i(£|nj. For i 7^ 
Lemma fTTJTl in Appendix IA.6[ (|3.45p . the fact A > 1 — 2/p > Q, and the assumption 
||£|Ip,a < 1 imply that 

IKIIoc < Oillaillij,.^^ < C 2 Ci||f|| w(ni ) < C 2 d. 

Furthermore, we have 

INHoc <C 5 ||i?o||||£hX<C 5 ||i?o||, 

where 

C 5 :=sup{||a|| 0O |aGri , '(i4 1 (flp|n )) : ||a||i, P ,A < l}. 

An argument involving a finite cover of fio by small enough balls and Lemma 11071 
implies that C5 < 00. It follows that 

(3.52) H^IU < sup Moo <ma X {C 2 C 1) C s || J R ||} < 00. 

i 

We define 

C := max ||d/x(a;)| | x £ u(-P) j . 
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The definition p.46j) . the second inequality in (|A.66|) (Remark 11251 in Appendix 
IA.7j) . the statement of Claim [21 and the assumption ||£|| p ,a < 1 imply that 

(3.53) ||d/i(u)i^|| piA < Cc- 1 U\\wc\i-*,N)*) < Cc- 1 ^. 
By the last equality in (|A.66[) . we have 

Pr u m = L u (L* u L u )~ x l 

Hence using again the second inequality in (|A.66I) and the statement of Claim [21 
we obtain 

(3.54) ll Pr "^ll P ,A < c" 1 ^- 

For every z £ C there are at most four indices igZ for which pi(z) ^ 0. Therefore, 
we have 

i 

Using f)3.45|3.47jl and the assumption ||£|| Pi a < 1, it follows that 

||i?e||^ A <4Pmax{Cf,||i?o|| p }C 3 . 
Combining this with (|3.51|3.52|3.53l3.54p . Claim M follows. □ 

4. Claim. We have 

sup {||V A (i?£)|| P ,A | £ G Tl(gp) : ||£|| p ,a < l} < oo. 
Proof of Claim [H Let £ e r^(g P ). We define 

and peQ 2 (M, g) as in (|A.65I) in Appendix IA.7I By Lemma 11241 in the same 
appendix, we have 

(3.55) V A (L u <n) = L u d A i] + V dAU X n , 

where X^ denotes the vector field on M generated by an element ( £ g. Using 
the second part of Lemma Tl 241 (with v := L u rf), it follows that 

(3.56) L* u L u d A r\ = d A £ - p(d A u, L u rj) - L* u V dA uX. q . 
We choose a constant C so big that 

\p(v,v')\ < C\v\\v'\, \V v X io \ < C\vU \, Vx e p-\B s ), v,v' € T X M, £ e 0. 

We define Co := max {c^ 1 , 3Cc~ 2 } . Since i?£ — L u ij, equalities (|3.55|3.56p and 
Remark 11251 imply that 

||V A (i?OII P ,A < C (\\d A t\\ pX + \\d A u\\ p , x \\Z\\J. 

Since ||d.Att||p a < oo, Claim[2]and (|3.49l) now imply Claim[4] □ 

5. Claim. We have 

sup{||V A (i?OII P ,AUGrP( p): ||e||p,A<l} <oo. 
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Proof of Claim\5i Let £ € T p x (qp) be such that \\£\\ P ,\ < 1. We write a t :— i2j(£|nj. 
Then we have 

i 

Setting 

C:=8P||p'||LC 3 max{Cf,||i? || p }, 

it follows that 

l|v A (^)||^ < sp- 1 £ (iiv^h* A + ll/ZHSolloiH^) < a 

i 

Here in the second inequality we used the fact ||p'||oo > lj an d (|3.45p . This proves 
Claim [5j and completes the proof of Claim [T] and hence of Theorem [64j □ 
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Auxiliary results about vortices, weighted spaces, 

and other topics 

In the appendix some additional results are recollected, which were used in the 
proofs of the main theorems of this memoir. As always, we denote No :=NU {0}, 
by B r C C the open ball of radius r, by S' C C the circle of radius r, centered 
at 0, and by A(P) the affine space of smooth connection one- forms on a smooth 
principal bundle P. Let M,w,G,g,{-,-) B ,(J,,J be as in Chapter Q] and (£,j) a 
Riemann surface, equipped with a compatible area form we- For £ g g and x G M 
we denote by L x ^ g T X M the (infinitesimal) action of £ at x. Let p > 2, P be a 
(principal) G-bundle over £ of class W, ]?, ^4 a connection one- form on P of class 
W^, and u : P — > M a G-equi variant map of class W^. We denote w := (P, A, u), 
define the energy density e w as in p. lip , and denote by 

E{w) := / e w uiT, 

the energy of w. 

A.l. Auxiliary results about vortices 

Let M, uj, G,g, (•, -) fl , fi, J be as in Chapter [TO The following result was used in 
the proof of Proposition [24l in Section [2~3l 

70. Proposition. Let w := (P,A,u) be a smooth vortex over C with finite 
energy, such that the closure of the image u(P) C M is compact. Then there exists 
a smooth section a : C — > P, such that 

(A.l) / (u o <t)*w -> P(w), asP-^oo. 

This result is a consequence of I GS| Proposition 11.1]. For the convenience of 
the reader we include a proof hereo We need the following. We denote by 7 the 
standard angular one- form on R 2 \ {O}0 

71. Lemma. Let P be a smooth G-bundle over R 2 and A e A(P). Then there 
exists a smooth section a : K 2 — > P, such that 

(A.2) f \a*A\Rj< f \F A \d 2 x+ f \a*A\j, 



As always, we assume that hypothesis (H) is satisfied. 

2 This proof is similar to the one of |GSI Proposition 11.1], however, it relies on the isopcri- 
metric inequality for the invariant symplectic action functional proved in |Zi2] (Theorem 1.2) 
rather than the earlier inequality GS Lemma 11.3]. 

"^By our convention this form integrates to 2tt over any circle centered at the origin. 
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where the norms are with respect to the standard metric on R 2 . 

Proof of Lemma [7TJ We choose a such that 
(A.3) (a*A) x x = 0, Va;GR 2 \Bi. 

(This means that a* A is in radial gauge on R 2 \£>i. Such a section exists, since (|A.3j) 
corresponds to a family of ordinary differential equations, one for each direction 
x G S 1 .) We identify R/(2vrZ) with S 1 and define 

if : E := [0,oo) x S 1 -> C = R 2 , <p(s, t) := e s+lt , * := ((cr o <p)*A) t : E ->■ g, 

where the subscript "i" refers to the ^-component of the one- form (cr o <p)*A. It 
follows from (|A.3[) that the s-component of this form vanishes, and therefore, 

(ao<p)*A = Vdt, {<joip)*F A =d s tydsdt. 

Using the estimate 

|*(M)I < f'\d a *tf,t)\ds' + \*(0,t)\, 
Jo 

it follows that 



\(cro<p)*A\ dt= / \(aocp)*F A \ ds'dt+ / \(aoip)*A\ dt, 

for every s > 0, where the subscript "E" indicates that the norms are taken with 
respect to the standard metric on E. Inequality (IA.2I) follows from this by a straight- 
forward calculation. This proves Lemma [7T1 □ 

Proof of Proposition 1701 Let w := (P,A,u) be as in the hypothesis and 
R > 0. We choose a section a : C — > P as in Lemma [711 Denoting by E(w,Br) 
the energy of w over Br, we have, by [CGS1 Proposition 3.1], 



E(w,Bft) = / ((it o a)*Lu — d(/i o u o a, a* A} ) 
Jb r 3 

(A.4) = / (llOffj'u- / (/!OJtO(T,(T*A) . 

Jb r J 

Let e > 0. By |Zi2[ Corollary 1.4] there exists a constant Ci such that 



(A.5) y/e w (z) < Ci|«r 2+e , V«GC\Bi. 

Combining this with the estimate |i^| < y/e^J, and using (| A.2|) . it follows that 

/ \a*A\R~, < C 2 R £ + C 3 , where C 2 := ^L-L t C 3 := / |(T*A| 7 . 
Js R e J SI 

Combining this with the inequality |/i o u\ < y^e^ and ()A.5|) . it follows that 



([i o u o cr, a* A^j 



< C\C 2 R- 2+2e + C\C 3 R- 2+E 



By choosing e G (0, 1) and using (|A.4I) . the convergence (|A.1[) follows. This proves 
Proposition [TDJ □ 

The next result was used in the proofs of Propositions H4l and 1431 (Section 
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72. Lemma (Bound on energy density). Let K C M be a compact subset. 
Then there exists a constant Eq > such that the following holds. Let r > 0, P be 
a smooth G-bundle over B r , p > 2, and (j4, u) a vortex on P of class W, such 
that 

u(P) C K, 
E{w,B r ) < E . 

(where E(w, B r ) denotes the energy of w over the ball B r ). Then we have 

e w (Q) < -^E(w,B r ). 
For the proof of Lemma [75] we need the following lemma. 

73. Lemma (Heinz). Let r > and c > 0. Then for every function / e 
C 2 (P r ,R) satisfying the inequalities 

/>0, A/ >-«/», fj<± 

we have 

/(o) < A / /■ 

Proof of Lemma [TH This is [MS?1 Lemma 4.3.2]. □ 

Proof of Lemma [72l Since G is compact, we may assume w.l.o.g. that K 
is G-invariant. The result then follows from Theorem [76] below, the calculation in 
Step 1 of the proof of |GS] Proposition 11.1.], and Lemma [73] □ 

Lemma [72] has the following consequence. 

74. Corollary (Quantization of energy). If M is equivariantly convex at oo 
0, then we have 

ME{w) > 0, 

w 

where w — (P, A, u) ranges over all vortices over C with P smooth and (A, u) of 
class W lo '^ for some p > 2, such that E(w) > and u(P) is compact. 

Proof of Corollary 1741 This is an immediate consequence of Proposition 
EH below and Lemma [721 □ 

This corollary implies that the minimal energy E\ of a vortex over C (defined 
as in (12.33I) 1 ) is positive, and therefore E min > (defined as in (I2.34p ). 

The next lemma was used in the proofs of Proposition l38l and Lemma [42] (Sec- 
tion l2.5[) . It is a consequence of GS, Lemma 9.1]. Let (E,ws, j) be a surface with 
an area form and a compatible complex structure. 

75. Lemma (Bounds on the momentum map component) . Let c > 0, Q C £\<9£ 
and K C M be compact subsets, and p > 2. Then there exist positive constants 



as defined in Chapter [T] on p. [6] 
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Ro and C p such that the following holds. Let R > Ro, P be a smooth G-bundle 
over E, and (A, u) an R- vortex on P of class W^ p , such that 

u(P) C X, 

||cUu||l~(£) < c, 

1^1 <c|L u(p) ^|, VpeP,V£e fl . 

Then 

/ \fi o u|Po;s < C p R- 2p , sup |/i o u | < C P R%~ 2 , 

Jq Q 

where we view |/x o u\ as a function from E to R. 

PROOF of Lemma [75] This follows from the proof of |GS1 Lemma 9.1], using 
Theorem [75] below. □ 

The next result was also used in the proofs of Proposition 05] (Section |2.6|I and 
Lemma 172"] and will be used in the proof of Proposition [771 

76. THEOREM (Regularity modulo gauge over a compact surface). Assume that 
E is compact. Let P be a smooth G-bundle over E, p > 2, and (A, u) a vortex on 
P of class W 1,p . Then there exists a gauge transformation g € W 2 ' P (T>,G) such 
that g*w is smooth over E \ <9E. 

Proof of Theorem [TH] This follows from the proof of [CGMS1 Theorem 
3.1], using a version of the local slice theorem allowing for boundary (see [Wei 
Theorem 8.1]). □ 

The next result will be used in the proof of Proposition [79] below. 

77. Proposition (Regularity modulo gauge over C). Let R > be a number, 
P a smooth G-bundle over C, p > 2, and w := (A,u) an i?-vortex on P of class 
Wfo*. Then there exists a gauge transformation g on P of class such that 
g*w is smooth. 

Proof of Proposition [771 

Claim. There exists a collection (gj)jgn, where gj is a gauge transformation 
over Bj + i of class W 2,p , such that for every j £ N, we have 

(A. 6) g*w is smooth over -B?+i, 

(A.7) g j+1 = gj over Bj. 

Proof of the claim. By Theorem [76] there exists a gauge transformation 
gi G W 2 ' P (P>2,G) such that g\w is smooth. Let I g N be an integer and assume 
by induction that there exist gauge transformations gj £ W 2 ' p (Bj + i,G), for j = 
1, ...,£, such that (|A.6[) holds for j = 1, . . . , £, and ()A.7|) holds for j = 1, . . . , £ - 1. 
We show that there exists a gauge transformation gt+x € W 2,p (Bg + 2, G) such that 

(A. 8) 9e+i w smooth over Bi +2 , 

(A.9) = g e over 



^This proof follows the lines of the proofs of IFrll Theorems 3.6 and A. 3]. 
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We choose a smooth function p : Bt+2 — > Be+i such that p(z) = z for z £ Be,. By 
Theorem l76l there exists a gauge transformation h £ W 2p (Bi+2,G) such that h*w 
is smooth over Bt+2- We define 

g e +i := h((h~ 1 g e ) o p). 

Then gt+\ is of class W 2,p over and (|A.9[) is satisfied. Furthermore, f^ui = 

(h gt)*h*w is smooth over Bg+\. Therefore, using smoothness of h*w over Be+2, 
Lemma Til 4tj II| below implies that h _1 ge is smooth over Be+\. It follows that 

9t+i w = {{h^gt) o p)*h*w 

is smooth over Be+2- This proves (|A.8[) . terminates the induction, and concludes 
the proof of the claim. □ 

We choose a collection (gj) as in the claim, and define g to be the unique 
gauge transformation on P that restricts to gj over Bj . This makes sense by (|A.7|) . 
Furthermore, (|A.6|) implies that g*w is smooth. This proves Proposition [77J □ 

The next result was used in the proof of Proposition [38] (Section 12. 5|) . 

78. Theorem (Compactness for vortex classes over compact surface). Let E 
be a compact surface (possibly with boundary), ws an area form, j a compatible 
complex structure on E, Pa G-bundle over E, K C M a compact subset, R v £ 
[0, oo), p > 2, and (A v ,u v ) an i^-vortex on P of class W 1,p , for every f 6 N. 
Assume that R v converges to some R§ £ [0, oo), and 

u u (P) C if, sup ||d J 4„w«/||iP(s) < oo- 

Then there exist a smooth i?o-vortex (Ao,Uq) on P|(E \ <9E) and gauge transfor- 
mations g v on P of class W 2 ' p , such that g* v {A v ,u v ) converges to (A ,u Q ), in C°° 
on every compact subset of E \ 9E. 

Proof of Theorem [7H This follows from a modified version of the proof of 
[CGMSi Theorem 3.2]: We use a version of Uhlenbeck compactness for a compact 
base with boundary, see Theorem lll2l below. and a version of the local slice theorem 
allowing for boundary, see |We( Theorem 8.1]. Note that the proof carries over to 
the case in which i?„ = for some v £ N, or Rq = 0. □ 

The following result was used in the proofs of Theorem [3] (Section I2.7j) and 
Corollary [Til 

79. Proposition (Boundedness of image). Assume that M is equivariantly 
convex at oo. Then there exists a G-invariant compact subset Kq C M such that 
the following holds. Let p > 2, P a G-bundle over C, and (A,u) a vortex on P of 
class W lo ';?, such that E(w) < oo and u(P) is compact. Then we have u(P) C Kq. 

Proof of Proposition [79j Let P be a G-bundle over C. By an elementary 
argument every smooth vortex on P is smoothly gauge equivalent to a smooth 
vortex that is in radial gauge outside B\ . Using Proposition [77l it follows that 
every vortex on P of class is gauge equivalent to a smooth vortex that is in 

radial gauge outside B\ . Hence the statement of Proposition [THl follows from |GS1 
Proposition 11.1]. □ 
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A. 2. The invariant symplectic action 

The proof of Proposition [45] (Energy concentration near ends) in Section 12.61 
was based on an isoperimetric inequality and an energy action identity for the 
invariant action functional (Theorem 1821 and Proposition 1831 below). Building on 
work by D. A. Salamon and R. Gaio [GSj . we define this functional as follows^ 
We first review the usual symplectic action functional: Let (M, u>) be a symplectic 
manifold without boundary. We fix a Riemannian metric (•, -)m on M, and denote 
by d, exp, |u|, i x > 0, and ix '■— inf^ex i*x > the distance function, the exponential 
map, the norm of a vector v € TM, and the injectivity radii of a point x £ M and a 
subset X C M, respectively. We define the symplectic action of a loop x : S 1 — s- M 
of length £(x) < 2i x ^) to be 

A(x) ■= — I u*lu. 
Jb 

Here ICC denotes the (closed) unit disk, and u : D — > M is any smooth map 
such that 

u(e lt ) = x(t), Vt e R/(2ttZ) = S 1 , d(u(z),u(z')) < t x(S i), Vz,z' € D. 

80. Lemma. The action A(x) is well-defined, i.e., a map u as above exists, and 
A(x) does not depend on the choice of u. 

Proof. The lemma follows from an elementary argument, using the exponen- 
tial map exp x(0+z) : T x{0+Z) M -> M. □ 

Let now G be a compact connected Lie group with Lie algebra g. Suppose that 
G acts on M in a Hamiltonian way, with (equivariant) momentum map /i : M — > g* , 
and that (v)m i s G-invariant. We denote by (•,•) : g* x g — > R the natural 
contraction. Let P be a smooth G-bundle over S 1 and x E Cq (P, M). We call 
(P, x) admissible iff there exists a section s : S 1 — > P such that l(x o s) < 2t x /p\, 
and 

A(g ■ (x o s)) ~ A(x o s) = / o x o s, g~ 1 dg), 

Js 1 

for every g e C°°(S' 1 , G) satisfying £(5 • (x o s)) < £(x o s). 

81. Definition. Let (P,x) be an admissible pair, and 4 be a connection on 
P. We define the invariant symplectic action of (P, A, x) to be 

A(P,A,x) := A(x o s) + / o x o s, Ads), 

where s : S 1 — > P is a section as above. 

To formulate the isoperimetric inequality, we need the following. If X is a 
manifold, P a G-bundle over X and u 6 Cq(P,M), then we define u : X ^ M 
by := Gu(p), where p € P is any point in the fiber over y. We define M* 
as in (|2.14j) . For a loop x : S 1 -> M*/G we denote by l(x) its length w.r.t. the 
Riemannian metric on M*/G induced by (v)m- Furthermore, for each subset 
X C M we define 

m x :=mi{\L x ^\\x&X, ^e : |£| = l}. 
The first ingredient of the proof of Proposition 1451 is the following. 



'This is the definition from Zi2 , written in a more intrinsic way. 
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82. Theorem (Isoperimetric inequality). Assume that there exists a G-invariant 
w-compatible almost complex structure J such that (•, ■) m — &>(•, </•). Then for ev- 
ery compact subset K C M* and every constant c > i there exists a constant S > 
with the following property. Let P be a G-bundle over and x € Cq(P, M), such 
that a;(P) C if and < (5. Then (P, x) is admissible, and for every connection 
A on P we have 

\A(P,A,x)\ < c\\d A x\\l + ^r\\»°x\\l 

Here we view cLax as a one-form on S 1 with values in the bundle (x*TM) /G — > 
S 1 , and /ionasa section of the co-adjoint bundle (P x Q*)/G — > S 1 . Furthermore, 
S 1 is identified with R/ (27rZ), and the norms are taken with respect to the standard 
metric on R/(27rZ), the metric (•, -}m on M, and the operator norm on g* induced 

by<v) Q 

Proof of Theorem E2J This is [Zi2l Theorem 1.2]. □ 

The second ingredient of the proof of Proposition 05] is the following. For 
selwe denote by l s : S 1 — >• R x S 1 the map given by i s (t) := (s, t). Let X, X 1 
be manifolds, / G C°°(X',X), P a G-bundle over X, ^4 a connection on P, and 
u e Cq(P, M). Then the pullback triple /*(P, A, it) consists of a G-bundle P' over 
X', a connection on P', and an equivariant map from P' to M. 

83. Proposition (Energy action identity). For every compact subset K C M* 
there exists a constant 5 > with the following property. Let s_ < s+ be numbers, 
E := [s_,s_(-] x S , wj; an area form on S, j a compatible complex structure, and 
w := (A,u) a smooth vortex over E, such that u(P) C X and £{u o t s ) < (5, for 
every s e [s_, s+]. Then the pairs l* (P, u) are admissible, and 

E(w) = -A(l* + (P, A, u)) + (P, A, u)) . 

Proof of Proposition [83] This follows from |Zi2l Proposition 3.1]. □ 

A. 3. Proofs of the results of Section 13.11 

This section contains the proofs of Lemmas I52|60l and Proposition [62] which 
were stated in Section 13.11 We also state and prove Lemma [85] which was used 
in Definition [61] in that section. Let M, ui, G, , g, (•, -) g , /i and J be as in Chapter 
[TJ S := C, the standard area form u>q, p > 2, and A > 1 — 2/p. Assume that 
hypothesis (H) holds. 

Lemma [52] was used in the definition of the equivariant homology class of an 
equivalence class of triples (P, A, u) (Definition [54]). Its proof is based on the fol- 
lowing result, which was also used in the proofs of Theorem [4] (Section 13.2.11) . l64l 
(Section and Proposition 1551 (Section I3"X2"]) . 

84. Lemma. For every (P, A, u) £ there exists a section a of the restriction 
of the bundle P to Pf := C\B\, of class W, and a point Xoo € /i -1 (0), such that 
u o cr(re lv ) converges to x^, uniformly in ip e R, as r — > oo, and cr*yl e L^(Pf ). 

Proof of Lemma [84] 



Note that in |Zi2l Theorem 1.2] S 1 was identified with R/Z instead. Note also that hypoth- 
esis (H) is not needed for Theorem 1821 
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1. Claim. The expression |/x o u\(re lip ) converges to 0, uniformly in ip € M, as 
r — > oo. 

Proof of Claim [TJ We define the function / := |^o u\ 2 : M — > M. It follows 
from the ad-invariance of (•, -) B that 

(A. 10) df = 2( x d,A{n °u),fio u) — 2( x dfi(u)dAU, \i o u) . 

Since u(P) C M is compact, we have sup c |<i/i(u)| < oo and sup c |/i o u\ < oo. 
Furthermore, \dAu\ < ^/e^ £ L p x . Combining this with (|A.10|) . it follows that df £ 
I/?. Therefore, by Proposition[!|I]in the next section (Hardy- type inequality, applied 
with u replaced by / and A replaced by A — 1) the expression f(re lv ) converges to 
some number £ K, as r — > oo, uniformly in (p £ K. Since \/j,o u\ < y/e^ £ LK, it 
follows that = 0. This proves Claim [1] □ 

It follows from hypothesis (H) that there exists a S > such that /j,~ 1 (Bs) C M* 
(defined as in (|2.14Jl ). We choose R > so big that \fi o u\ (z) < S if z £ B%_ 1 = 
C \ Br-i. Since G is compact, the action of it on M is proper. Hence the local 
slice theorem implies that M*/G carries a unique manifold structure such that 
the canonical projection ir M : M* — » M*/G is a submersion. Consider the map 
u : — > M*/G defined by u(z) := Gu(j>), where p £ tt^ 1 (z) C P is arbitrary. 

2. Claim. The point u(re lv ) converges to some point x^ £ fi~ 1 (0)/G, uni- 
formly in (p £ M, as r — > oo. 

Proof of Claim [2j We choose n £ N and an embedding i : M*/G -> K". 
Furthermore, we choose a smooth function p : C — > R that vanishes on .Br_i and 
equals 1 on S^. We define / : C — >• R™ to be the map given by p • t o Q on 
and by on It follows that 

A short calculation shows that |cfS| < |c/a u |j an d therefore, 
(A.12) ||dt(w)du|| L p (B g ) < || ioo (sg) || dA"|| (sg) • 

Our assumption w — [P,A,u] £ B p implies that H^a^H^^C) < oo. Furthermore, 
fi is proper by the hypothesis (H), hence the set fi~ 1 (Bs) is compact. Thus the 
same holds for the set ir M (/j,~ 1 (Bs)). This set contains the image of u. It follows 
that || <ii.(u)|| i <x>( B o) < oo. Combining this with (jA.lllA.12j) . we obtain the estimate 

WWlkq < WWlkbr) + \WWlhb1) < °°- 

Hence the hypotheses of Proposition [91] (with A replaced by A — 1) are satisfied. 
It follows that the point f(re %v ) converges to some point yoo £ W 1 , uniformly in 
<p £ R, as r — > oo. Claim [2] follows. □ 

Let Xoo be as in Claim[5] We choose a local slice around Xoo, i.e., a pair (U,a), 
where U C M* /G is an open neighborhood of x^, and a : U — > M* is a smooth 
map satisfying tt m o a = id^. Then there exists a unique section a' of P | s o, of 

class W 1 J* > , such that a o u = u o a' '. By the continuous homotopy lifting property 
of P we may extend this to a continuous section a" of P\ B c. Regularizing a" on 

Br + i \ B±, we obtain a section a of P| B o, of class Wj^S We define x^ :— a(xoo). 

®For this we regularize a" suitably in local trivializations. 
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It follows from Claim[2]that uoa(re llf ) converges to £00, uniformly in ip, for r — > 00. 
Furthermore, 

\W*L u A\\ Ll[B c +i) < \\a*du\\ Ll(B o +i) + \\a*d A u\\ Ll(B c +i) , 
a*du = duda = dadu, on B B+1 , \du\ < \dAii\. 

Since 

M{\L u (j>^\\pGP\ B a +i ^GQ: |C| = l} > 0, ||gUw|| p ,a < 00. 
it follows that a* A g L P X (B?). This proves Lemma 1841 □ 

Proof of Lemma E21 We prove statement (0): We denote by ir : P — s- C 
the bundle projection, and identify S 2 = C U {00}. We choose a and x<x, as in 
Lemma [84] and we define P to be the quotient of PJJ ((S 2 \ {0}) x G) under 
the equivalence relation generated by p ~ {ir{p),g), where g € G is determined by 
(cr o n(p))g = p, for p G P. We define t to be the canonical map from P to P, and 
u : P — )■ M to be the unique map satisfying 

uol = u, u([(oo,g)]) := g^XeajVg € G. 

The statement of Lemma 1841 implies that this map is continuous. This proves (0). 

We prove statement ([11J) . Uniqueness of $ follows from the condition <I> o J = 
1 o $ and continuity of $. We prove existence: We define the map <p : P^ — > P^ as 
follows. The map u descends to a continuous map / : S 2 — > M/G. Recall that M* 
denotes the set of points in M where G acts freely. We denote U :— f~ 1 {M*/G). 
Since M* is open, the set U is, as well. Since G is compact, the canonical map 
M* — s- M*/G defines a smooth G-bundle. We denote by tt : P — > S 2 the projection 
map. We define 

(A.13) ^ :n- 1 (U)^f\* d M* : V(p):=(n(p),u(p)). 

Furthermore, we define /', U' , 7?', in an analogous way, using P' and v! . Since $ 
descends to the identity on C, and u' — u o $, the maps u and u' descend to the 
same map C — > M/G. Since u o l — u, w'oi' = w', and u and u' are continuous, 
it follows that / = /'. We claim that there exists a unique map $ : P' — > P, 
satisfying 

(A.14) $ = of'on $oi' = to$onP'. 

To see uniqueness of this map, note that the hypothesis ^'(P^) Q M* implies 
that P^ C (7r') _1 (J7). Hence conditions (|A.14[) determine $ on the whole of P'. 
Existence of this map follows from the equality VP'ot' = vPoto^ on 7r'~ 1 (P nC) C P', 
which follows from the assumptions u'o/ — u' , u o i = u, and ao$=n'. The map 
$ has the required properties. This proves (|nj and completes the proof of Lemma 

M □ 

We now prove Lemma [601 (p. l73|) . which was used in Section [331 m order to 
define the (w, /^)-homotopy class of an equivalence class W of triples (P, A, u). (See 
Definition EU) 

Proof of Lemma 1601 To prove the first statement, we choose a section cfq 
of the restriction of P to the disk B, of class W^J?. By Lemma [84] there exists a 
section a of the restriction of the bundle P to Pf := C\B\, of class W^, and a 
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point Xoo G /i _1 (0), such that u o a{re ltp ) converges to Xoo, uniformly in ip G R, as 
r — > oo. We define c/oo : S 1 — > G to be the unique map satisfying a — coffoo, on S , 
and a to be the continuous section of P that agrees with cr on Bi, and satisfies 

( j(z) = a(z)g 00 (z/\z\)- 1 , Vz G Bp . 

By regularizing cr, we may assume that it is of class This section satisfies the 

requirements of the first part of the lemma. 

To prove the second statement, let cr be a section of P of class W, such that 
the map u o a : C — > M continuously extends to a map u : E — > M . It follows from 
Claim [2] in the proof of Lemma I8H that there exists a point Xoo G M = fi~ 1 (0)/G, 
such that Gu(z) = x^, for every z G <9£. The second statement follows from this. 
This proves Lemma IBTil □ 

The next lemma was used in Definition 1611 

85. Lemma. Let p > 2, A > 1 - 2/p, (P,A,u) G B p x be a triple, and a, a 1 
sections of P as in Lemma 1601 Then the continuous extensions u, u' : E — > M of 
u o cr, u o cr' are weakly (cj, /i)-homotopic. 

Proof of Lemma Let i? g (0, oo). We denote by B R and B R the open 
and closed balls in C, of radius R, centered around 0. 

Claim. There exists a continuous map h : [0, 1] x E — > M such that 
(A.15) _ _ 

h(0,-) = u, h(l,z) = Vz G B fl , z) = /i(0, z), Vz G <9E, < G [0, 1]. 

Proof of the claim. We define 

g :C^G, g (z)cr'(z) := cr(z). 

There exists a continuous map g : [0, 1] x C — > G such that 

(A.16) 5 (0,-) = 5o , <7(M) = l,WeB^ s (M)=j (z),VzeC\% 1 . 

To see this, observe that we may assume without loss of generality that <?o(0) = 1. 
(Here we use the assumption that G is connected.) We choose a continuous map 
/ : [0, 1] x C -> C such that 

/(0,-)=id, z) = 0, G Br, /(t, z) = z, Vz G C \ B R+1 . 

We define g := go° f- This map satisfies (|A.16[) . We now define 

hit z) := ( U<y9(yt ' z ) fJ ( z )) ' if z G C ' 
[ w(z), if z G <9E. 

This map satisfies the conditions (|A.15|) . This proves the claim. □ 

It follows from hypothesis (H) that there exists a number R > such that 
u(E \ Br) C M*. By the claim, we may assume without loss of generality that 
u = u' on Br. Since G is compact, the canonical projection 7r : M* — > M*/G 
naturally defines a smooth G-bundle. It follows that the map 

[0, 1] x (E \ B R ) 3 (t, z) ^ 7T o u{z) G AP/G 

has a continuous lift /i : [0, 1] x (E \ Br) —> M* that agrees with the map (0, z) H > 
m(z) on {0} x (E \ Bfl), with the map (1, z) H> w'(z) on {1} X (E \ B fl ), and with 
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the map (t, z) H> u(z) on [0, 1] x S^, where S^CC denotes the circle of radius R, 
around 0. The map 



[0, l]xS9(t,z)h>| otherwise, 



is a weak (ui, /i)-homotopy from u to u'. This proves Lemma [55] □ 

We now prove Proposition[62j We need the following. Let w be a representative 
of W. Let (P,l,u) be an extension as in Lemma [521 (p. [6T))) . Then oj induces a 
fiberwise symplectic form u on the topological vector bundle TM U — (u*TM)/G 
over S 2 . We denote by c\(TM u ,uj) its first Chern class. 

86. Lemma (Chern number). We have 

(A.17) (cf (M,w), [W]) = ( Cl (TM s ,S), [S 2 ]). 

For the proof of this lemma we need the following remark. 

87. Remark. Let G be a topological group, X and X' topological spaces, P — > 
X and P' — > X' topological G-bundles, M a topological G-space, E a G-equivariant 
symplectic vector bundle over M, and u : P —> M, 9 : P —> P' continuous G- 
equivariant maps. We define / : X —> (M x P')/G to be the map induced by u and 
0. Then the symplectic vector bundles 

(A.18) (u*E)/G, f*((ExP')/G) 

are isomorphic. Here we denote by (u*E)/G the symplectic vector bundle over X 
obtained from the pullback bundle u*E — > P as the quotient by the G-action, by 
E x P' the natural symplectic vector bundle over M x P', and by (E x P')/G the 
induced symplectic vector bundle over (M x P')/G. An isomorphism between the 
bundles in (|A.18[) is given by the map 

G(p,v)» (k(j>),G(v, %))).□ 

Proof of Lemma 1861 We choose a continuous G-equivariant map 9 : P — » 
EG. We denote by 

/ : S 2 Qt C]J{oo} -> (M x EG)/G 

the map induced by (u, 0) : P — > M X EG. By definition, cf(M,uj) is the first 
Chern class of the vector bundle 

(TM x EG)/G -> (M x EG)/G, 

equipped with the fiberwise symplectic form induced by u>. Furthermore, we have 
[W] — f*[S 2 ]. Therefore, equality (|A.17I) follows from naturality of the first Chern 
class under pullback by the map /, and Remark 1571 with X := S 2 , (P,u) replaced 
by (P,u), and (E, P') := {TM, EG). This proves LemmajSl □ 

For the proof of Proposition 1521 we also need the following. 

88. Remark. Let E be an oriented topological surface homeomorphic to the 
closed disk. We denote by E' the surface obtained from E by collapsing its boundary 
to a poin10, and by / : E — > E' the canonical "collapsing" map. Let (E, uj) be a 



^The surface £' is homeomorphic to S 2 
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symplectic vector bundle over E', (V, 0) a symplectic vector space of dimension the 
rank of E, and $:Sxl/-> f*E a symplectic trivialization. Then we have 

(A.19) ( Cl (£»,[£']) = m as JdE x 3 (z, z') i-> g Autn). 

Here [£'] denotes the fundamental class of £' and Autf2 the group of linear sym- 
plectic automorphisms of V, and ragj^n is defined as in (|3.4[) . Furthermore, we 
denote by 7r : E — > E' the canonical map, and we use the canonical identification 
(f*E) z = -E,r( z ), for z G <9E. Equality (|A.19|) follows from an elementary argument 
(e.g. an argument as in the proof of |MS1[ Theorem 2.69].) □ 

Proof of Proposition IE21 (p. I75|) . We choose an extension (P, t, u) as in 
Lemma I52"l[ r]). such that m(-Poo) Q follows from the proof of Lemma 

[52lp | that u may be chosen to satisfy this condition.) By Lemma[Sni equality (| A. 17|) 
holds. We denote by n : P — > S 2 the canonical projection, by E the compact surface 
obtained from C by "gluing a circle at oo" , and by 

/:E^C[]{cxd}-5 2 

the map that is the identity on the interior C = intE, and maps the boundary 
<9£ = S 1 to oo. We choose a continuous map o : E — > P, such that tt o a = f. We 
define v :— u o a : E — > M . This map continuously extends the map u o a, where 
a := 5|c- Hence, by definition, the [uj, /i)-homotopy class of W equals the (w, /x)- 
homotopy class of v. We choose a symplectic trivialization ^ : E x V — > v*TM. 
For z, z' € <9E we define g z ',z G G to be the unique element satisfying 

(A.20) Z{z')g z ',z = ?(*). 

It follows that v(z') = g z i jZ v(z), and hence, using the definition of the Maslov index, 

m w./j((w, /i)-homotopy class of W) 

(A.2I) = m s,o (d£ x 9E 9 (z', z) h-> <&J,V,* • * z G Autfi) . 

The statement of Proposition [52] is now a consequence of the following claim. 

Claim. The number (1X21] agrees with ( Cl (TM s , S3), [S 2 ]). 

Proof of the claim. We define the map 

$ : E x V -> /TAP, ^ z w := %(z,w) := (z, G(3?(z), * z w)). 

This is a continuous symplectic trivialization. We denote by £' the surface obtained 
from E by collapsing its boundary 9E to a point. There is a canonical homeomor- 
phism CTJjcx)} — > £', and the composition of / with this map agrees with the 
collapsing map. Therefore, applying Remark 1551 with E := TM U and w, W replaced 
by S3, 'i', we have 

(A.22) ( Cl (TM 5 ,S3), [S 12 ]) = m aE , n (<9E xffis (z,z') h> $;, 1 $ z e AutO). 
Equality (|A.20[) implies that 

***** = ^S*',* ■ Vz, z' G 0£. 
Combining this with (|A.22|) . the claim follows. This proves Proposition [62] □ 
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A. 4. Weighted Sobolev spaces and a Hardy-type inequality 

Let d € Z. The following lemma was used in Section 13.2.21 in order to define 
norms on the vector spaces X^ xd and A^' A defined in (|3.f 8[) . If d < then let 
pa e C°°(C, [0, 1]) be such that'poO) = for \z\ < 1/2 and p (z) = 1 for \z\ > 1. 
In the case rf > we set po := 1. Recall the definitions 

p d : C -> C, p d (z) := z rf , (z) := + N 2 , G R". 

89. Lemma. For every 1 < p < oo and A > — 2/p the map 

C © Ll* d (C, C) -»• C ■ p Pd + 4-<i( C > C), («„,,«) i-> WooPoPd + v 
is an isomorphism of vector spaces. 

Proof of Lemma [53 This follows from a straight-forward argument. □ 

The following proposition was used in the proofs of Theorem|63] (Section l3.2.2p 
and Proposition [57] (Section 13.2.31) . For every normed vector space V we denote 
by Cb(K ra , V) the space of bounded continuous maps from R™ to V. We denote by 
B r the ball of radius r in R n , and by X c the complement of a subset X C R". 
Recall the definitions (|3.16l3.17p of the weighted Sobolev spaces L k x ' p (n,W) and 

w^ p (n,w). 

90. Proposition (Weighted Sobolev spaces). Let n e N. Then the following 
statements hold. 

(i) Let n < p < oo. Then for every A e R there exists C > such that 
(A.23) \\u(-) x+ T\\ Lx{Mn) < C\\u\\ L ^ {Mn) , Vu G W^CR"). 

If A > —n/p then L,' P (R™) is compactly contained in Cb(R ra ). 

(ii) For every k € No, 1 < p < oo and AgR the map 

w x p {R n ) 3u^ {-) x u e w k ' p {«: n ) 

is a well-defined isomorphism (of normed spaces) . 

(iii) Let p > 1, A e R, and / € L°°(R") be such that ||/||l-(r»\b 4 ) -> 0, for 
i — > oo. Then the operator 

PF^ P (R") 3!l4/ll£ £*(R n ) 

is compact. 

(iv) For every 1 < p < oo, A € R, <i € Z, and u 6 L A p (_Bp ) the following inequality 
holds: 

WpMl^b?) ^ max { -~ d2{ ~ d+3)/2 ^}\\ u \\L^{Bcy 

PROOF of Proposition [90l Proof of statement ©: Inequality (IA.23|) fol- 
lows from inequality (1.11) in Theorem 1.2 in the paper [Ba by R. Bartnik. Assume 
now that A > —n/p. Then it follows from Morrey's embedding theorem that there 
exists a canonical bounded inclusion L x ,p (W l ) <-t C(,(M n ). In order to show that 
this inclusion is compact, let u v € L A ' p (R n ) be a sequence such that 

(A.24) C := sup||ii 1/ || £ i, J >/ aB ) < oo. 

By Morrey's embedding theorem and the Arzela-Ascoli theorem on Bj (for j € N) 
and a diagonal subsequence argument, there exists a subsequence u Vj of u v that 
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converges to some map u G W lo '^(M n ), weakly in W 1,p (Bj), and strongly in C(Bj), 
for every j G N. 

Claim. We have u G C(,(R n ) and u Vj converges to u in C b (R n ). 

Proof of the claim. We choose a constant C as in the first part of fj]). For every 
R > we have 

IMIl^(b„) < lim ™p|KJ L i. P(£ > fl) < C. 

Hence u G L^ P (R"). Since A > —n/p, by inequality (|A.23|) . this implies u G C{,(R n ). 
To see the second statement, we choose a smooth function p : R™ — >• [0, 1] such that 
p{x) = for x G Si, = 1 for x G , and |Dp| < 1. Let i? > 1 and j G N. We 
define pr := p(-/R) : R™ — > [0, 1]. Abbreviating Vj := u Vj — u, we have 

( A - 25 ) 11% Hoc < ||%(1 - Pfl)|L + 11%'PflHoo- 

Inequality (|A.23[) and the fact pr = on Br imply that 

(A-26) ||%HL ^ <^~ A ~ f II%PhIIi,p,a- 

Furthermore, using (|A.24[) . we have 

\\v j p R \\i, P ,x<2\\v j \\i, Pt x<4C. 

Combining this with (IA.25|) and (IA.26|) . and the fact lim.j_>. 00 ||«j||z°°(.Bs.r) = 0, it 
follows that 



lim sup | \vj\ |oc < ACC'R 

3- 



-X- 



Since A > —n/p and R > 1 is arbitrary, it follows that it„. converges to u in Cb(R"). 
This proves the claim and completes the proof of statement (0) . 

Statement ([n]) follows from a straight-forward calculation. 

Proof of statement (fTTT)> : Let / G L°°(R n ) be as in the hypothesis. Let 
u v G W x ' p (M. n ) be a sequence such that 

C := suplKH^i.p^-j < oo. 

By the Rellich-Kondrashov compactness theorem on Bj (for j G N) and a diagonal 
subsequence argument there exists a subsequence (Vj) and a map v G Lf oc (R"), 
such that /ii„^ converges to v, strongly in L P (K), as j — > oo, for every compact 
subset if C R™. Elementary arguments show that v G L^(R ra ) and fu v . converges 
to v in L^(R"). (For the latter we use the hypothesis that ||/||L°°(R"\B i ) — > 0, as 
i — > oo.) This proves (|TTT|> . 

Statement ([rv]) follows from a straight-forward calculation. This completes 
the proof of Proposition [90] □ 

The next result was used in the proofs of Proposition [67] (Section 13.2.31) and 
Lemma [SJ] (Appendix IA.3[) . 

91. Proposition (Hardy-type inequality). Let n G N, p > n, A > —n/p and 
it G Wj*'*(R n , R) be such that ||£>it| • | A+1 || L p(R") < oo. Then u(rx) converges to 
some Uoo G R, uniformly in x G S*™ -1 , as r — » oo, and 

(A.27) ||(« - Voo )\ ■ |i LP(R „ } < \\Du\ ■ | A+1 || LP(Rn) • 
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For the proof of this proposition we need the following. We denote by B r the 
ball of radius r in R™, and by X c the complement of a subset X C R n . 

92. Lemma (Hardy's inequality). Let n 6 N, 1 < p < oo, A > —n/p and 
u € W r ^' c 1 (R n ,R). If there exists R > such that w| B c =0 then 

IM • | A ||l,( R ») < \\Du\ ■ \ X+1 \\ LP{Rn) (G [0,oo]). 

p 

Proof of Lemma 1921 If m is smooth then the stated inequality follows from 
|Kav|, Chapter 6, Exercise 21]. The general case can be reduced to this case by 
mollifying the function u. This proves the lemma. □ 



Proof of Proposition 1911 Let n,p, A be as in the hypothesis. We define 

Claim. There exists a constant C\ such that for every weakly differentiable 
function u : R" — > R and x, y € R" satisfying < \x\ < \y\, we have 

Proof of the claim. By Morrey's theorem there is a constant C such that 

\u(0) - u(x)\ < Cr'-fWDuWL^, 

for every r > 0, weakly differentiable function u : B r — > R, and x S B r . Let u,x 
and y be as in the hypothesis of the claim. Let N € N be such that 2 Ar_1 |x| < 
\y\ < 2 JV |a;|. For i = 0, . . . , N we define x; := 2*a; € R n . Furthermore, we set 

jvi i y 

X N+7 :=2 \x\-r-r, X N+8 -=y, 

\y\ 



X ^ S 2«L :={yeR" 1 1^1 = 2^1^1}, i = N + l,...,N + 6, 



and we choose points 

yn— 1 
'2^| iB I 

such that 

|ii-afi_i| < 2 Ar ~ 1 |x|, Vi = iV + l 1 ...,iV + 7. 

For i = 0, . . . , iV — 1 we have € B 2 i\ x \{xi + i). Hence it follows from the statement 
of Morrey's theorem that 

\u{x l+l ) - u( Xi )\ < C(?\x\)-*\\Du\ ■ \ X+1 \\ LP[B c y 
Moreover, for i = N, . . . , N + 7 we have Xj+i € B 2 n-i\ x \ (a;,-), and hence analogously, 

\u( Xi+1 ) - u( Xl )\ < c^-vim^i ■ i A+1 iU(^,)- 

Using the inequality 

\u(y)-u(x)\< ^2 \u(x i+ i) - u(xi)\, 

i=0,...,JV+7 

the claim follows. □ 

Let u € w£ c 1 (R n ,R) be such that \\Du\ ■ | a+1 || L p (r >.) < oo. It follows from 
the claim that there exists yoo <E R such that u(rx) converges to j/oo, as r — » oo, 
uniformly in i 6 ST 1-1 . To prove inequality (|A.27|i . we choose a smooth map 
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p : [0,oo) -> [0,1] such that p(t) = 1 for < t < 1, p(t) = for i > 2 and 
< 2. We fix a number R > and define 

p fi :m->- [0,1], := 

We abbreviate t> := u — j/qq. Using Lemma [92] with m replaced by Pflf, we have 

IN • I a IIlp (Sr) < ||p««| • | A || iP(Rn) < -JL^\\D(p R v)\ ■ \ x+1 \\ LP{Rny 

p 

Combining this with a calculation using Leibnitz' rule, it follows that 

(A.28) |M • \ x \\ Lp{Br) < (4\\v\ ■ \ x \\ Lp( b 2R \b r) + \\Du\ ■ | A+1 || iP(Kn) ) • 

The above claim implies that 

\v(x)\ < Cx\x\- s \\Du\ ■ | A+1 || iP(Bg) , e Bg. 
Using the equalities 

\x\- n dx = \os2\S n - 1 \ 



E>2r\Br 

and e = A + n/p, it follows that 

N ' \ X WUb, r \b r) < Cf log2|^- 1 ||| J Du| • | A+1 |r iP(Bg) . 

Inequality (]A.27|) follows by inserting this into the right hand side of (|A.28[) and 
sending R to 00. This proves Proposition 1911 □ 

The next result will be used to prove Corollary ^Hl below, which was used in 
the proof of Theorem [53] fSection I3.2.2p . For every d € Z we define Pd and Pd to 
be the spaces of polynomials in z € C and z of degree less than 

dE We abbreviate 

L^:=4'"(C,C), Ll:=Ll(C,C), d- z := df, d z :=df. 

Let X be a normed vector space and Y C X a closed subspace. We denote by X* 
the dual space of X and equip X/Y with the quotient norm. 

93. Proposition (Fredholm property for <9 2 ). For every d £ Z, 1 < p < 00 
and — 2/p + 1 < A < — 2/p + 2 the following conditions hold. 

(i) The operator T := 8% : L^_ 1 _ A — > L p xd is Fredholm. 

(ii) We have kerT = P d . 

(iii) The map 

(A.29) P- d ~> (L p x _ d /imT)* , ii^^ + imT^ J uvdsdt 

is well-defined and a C-linear isomorphism. 

The proof of this proposition is based on the following result, which is due to 
R. B. Lockhart. 

94. Theorem. Let n, k, m € N be such that n > 2, k > m, A e K, and 

T : L k x p (R n ,C) -> L k x -^ p (M. n ,C) 

a constant coefficient homogeneous elliptic linear operator of order m on R™. If 
A + n/p Z then T is Fredholm. 
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PROOF of Theorem EH This is an immediate consequence of R. B. Lock- 
hart's result ILo2l Theorem 4.3], using that a bounded linear operator between 
Banach spaces is Fredholm if its adjoint operator is Fredholm. □ 

95. Remark. Let X be a normed vector space and Y C X a closed subspace. 
We equip X/Y with the quotient norm. The map 

Y x := {tp e X* | if(x) =0,Vi£F}^ (X/Y)*, if h-> (x + Y ^ ip(x)), 

is well-defined and an isometric isomorphism. This follows from a straight-forward 
argument. □ 

We denote by S the space of Schwartz functions on C and by S' the space of 
temperate distributions. By ^ : S' — > S' we denote the Fourier transform, and by 
v : S 1 — > S' the inverse transform. 

Proof of Proposition 1931 Let d,p,X, and T be as in the hypothesis. 
Statement ([!]) follows from Theorem [Ml observing that d z is elliptic, i.e., its 
principal symbol 

a T :R 2 = C^C, a T {C) = ^ 

does not vanish on R 2 \ {0}. 

We prove statement ([n]). A calculation in polar coordinates shows that for 
every polynomial u in z we have 

2 

(A.30) u e £^!_ d degu < d- A + 1 . 

Hence our assumption A < —2/p + 2 implies that kerT D Pd- Therefore, statement 
(fu|) is a consequence of the following claim. 

1. Claim. We have kerT C p d . 

Proof of Claim [TJ Let u e kerT. Then = dgu(C) = ^Qu (as temperate 
distributions). It follows that the support of u is either empty or consists of the 
point € C. Hence the Paley- Wiener theorem implies that u is real analytic 
in the variables s and t, where z — s + it, and there exists N G N such that 
supj, gC 1^(^)1(2;)^ < oo£j Therefore, by Liouville's Theorem u is a polynomial in 
the variable z. Since by our assumption A>— 2/p+l, it follows from (|A.30[) that 
u E Pd- This proves Claim Q] □ 

To prove statement ([HI]), we define p 1 :— p/(p— 1). Consider the isometric 
isomorphism 

* : L P \ +d (Ll_ d T, Hu) := (v ^ jf U ») . 
Denoting by T* the adjoint operator of T, we have 

where the derivatives are taken in the sense of distributions. 

2. Claim. We have ker(T*$) = P_ d . 



11 See e.g. IReSil Theorem IX. 12]. 
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Proof of Claim [2] For every polynomial u in z we have 

2 2 

(A.31) ueL ' P -\+d degu < -d + X - = —d+ \ — 2 + ~. 

Our assumption A > — 2/p + 1 and (|A.3ip imply that kerT* D P~d- Furthermore, 
the inclusion kerT* C P_ d is proved analogously to the inclusion kerT C P dj using 
A < -2/p + 2 and (TOTjl . This proves Claim H □ 

It follows from Claim [2] that the map $ restricts to a C-linear isomorphism 
between P_ d and kerT* = (imT) . The composition of this map with the canonical 
isomorphism (imT) — > \L p ^_ d /ivaT\ described in Remark 1951 equals the map 
(|A.29j) . Statement (jnr|) follows. This completes the proof of Proposition l93l □ 

Let d e Z, 1 < p < oo, — 2/p+l < A < -2/p+2, and po : C -> [0, 1] be a smooth 
function that vanishes on B 1 / 2 and equals 1 on B± . We equip CpoPd + L^ P 1 _ d 
with the norm induced by the isomorphism of Lemma 1891 This norm is complete. 
(See e.g. [LoT] .) 

96. Corollary. The map d s : Cp Pd + ^A-i-d L \-d is Fredholm, with 
real index 2 + 2<i. 



PROOF of Corollary 1961 The composition of the isomorphism of Lemma 
[89] with the above map is given by 

T + S : C © Lx-i-d ~^ L \-d> T(xoo,u) := d f u, S{x^ u) := x oo (dzp )p d . 

The map T is the composition of the canonical projection pr : CffiZvf , d — > L^,_. 
with the operator <9g : — > L p K _ d - Using Proposition 1931 it follows that T 

is Fredholm of real index 2 + 2d. Furthermore, 5 is compact, since it equals the 
composition of the canonical projection C © I/, j — > C (which is compact) with 
a bounded operator. Corollary IM1 follows. □ 

The next result was used in the proof of Theorem [63] (Fredholm property for 
the augmented vertical differential) in Section [3.2.21 Let (V, (•, •)) be a finite di- 
mensional hermitian vector space, A, B : V — > V positive linear maps, A 6 1 and 
1 < p < oo. We define 

dg A 

b d z 

97. Proposition. The operator T\ is Fredholm of index 0. 
For the proof of Proposition l97l we need the following result. 

98. Proposition. Let (V, (•, -}),p and A be as above, and n <E N. Then the 
map 

-A + A : W 2,p (W l , V) -> T P (]R", V) 
is an isomorphism (of Banach spaces). 

Proof of Proposition [HH1 Consider first the case dimcU = 1 and A = 1. 
We define 

G:= (2f)f((-)- 2 ) v G5'. 
The map 53uH>G*ug5is well-defined. By Calderon's Theorem this map 
extends uniquely to an isomorphism 

(A.32) L p (« n ,C)3u^G*ue W 2 ' p (W n , C). 



T A := 



J : W^ P (C, V © V) -> L£(C, V © V). 
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(See [Adl Theorem 1.2.3.].) Note that 

(-A + 1)(G * u) = ((-) 2 (G * uD v = u, 

for every u £ S. It follows that the inverse of (|A.32[) is given by 

-A + 1 : W 2 ' p {R n ,C) -> L p (W l ,C). 

Hence this is an isomorphism. 

The general case can be reduced to the above case by diagonalizing the map 
A. This proves Proposition [SSJ □ 

Proof of Proposition 1971 We abbreviate L p ■= L P (C, V (& V), etc. 
Assume first that A = 0. We denote by A 1 ! 2 ^ 1 ! 2 : V — > V the unique 
positive linear maps satisfying (A?) 2 — A, (B?) 2 = B. We define 

L:=( * ^ ):W^ P ^L P . 
\ BzA? d z J 

A short calculation shows that 

(A.33) T = (A? (SB^)L(A-? (SB-?). 

Claim. The operator L is an isomorphism. 
Proof of the claim. We define 

L' := ( ~ 9 \ Ah f 2 ) : W 2 - p -+ W 1 *. 
\ B2A2 ~dz ) 

By a short calculation we have 

LL' = (-j + A$BA$) ( - j + B^AB^) : W 2 ' p -> L p . 
Since the linear maps 

A*BA?,B?AB* : V -> V 
are positive, Proposition [98] implies that LL' is an isomorphism. We denote by 
(LL')- 1 : L p -> W 2 > p its inverse and define 

R := L'(LL')- 1 : IP -> W 1 *. 

Then R is bounded and LR = \Alv. 

By a short calculation, we have LL'(u, v) = L' ' L(u, v), for every Schwartz func- 
tion (u, v) € S. This implies that 

{LL')- 1 L\s = L{LL')- 1 \ s , 

and therefore RL\ S = id s . Since RL : W l p -» W 1 ^ is continuous and S C W 1 ^ 
is dense, it follows that RL = id^i, P . The claim follows. □ 

The maps 

4* © : L" -> A~$ ©B - * : W l p -> W hp 

are automorphisms. Therefore, (|A.33j) and the claim imply that To is an isomor- 
phism. 

Consider now the general case A E K. The map 

L p 3(u,v)^(-)- X (u,v)EL p 
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is an isometric isomorphism. Furthermore, by Proposition L9Q|JTTJ) the map 

wl* 3 (u,v) i— > (-) A (u,t>) e W hp 

is well-defined and an isomorphism. We define 

s := <-) A (a 2 -(-)- A ) e (■} x (d z (-y x ) ■ w 1 * -> v. 

Direct calculations show that 

Tx = (-)- x (t + s)(-)\ mr x \ < mr*- 1 /*, mr x \ < iai<->- a -V2. 

Therefore, Proposition I90l|iiij) implies that the operator S is compact. Since we 
proved that To is an isomorphism, it follows that T\ is a Fredholm map of index 0. 
This proves Proposition [37] in the general case. □ 

A. 5. Smoothening a principal bundle 

The main result of this section states that a principal bundle of Sobolev class 
W\oc is Sobolev isomorphic to a smooth bundle, if p is large enough. This will be 
used in the proofs of Propositions [531 ri031 and 1 1061 in the next section. Let n £ N be 
an integer, p > n/2 a real number, X a smooth manifold (possibly with boundary) 
of dimension n, G a compact Lie group, and P a G-bundle over X of class W, 

99. Theorem (Smoothening a principal bundle). If p > § and P is as above 
then there exists an isomorphism of principal G-bundles of class W^, from P to 
a smooth bundle over X. 

The proof of this result relies on the facts that there exists a smooth G-bundlc 
that is "C°-close" to P, and that if two "Sobolev bundles" are "C°-close" then they 
are "Sobolev-isomorphic" . In order to explain this, let U be an open cover of X. 
We call a collection of functions 

gv, tU :UnU' -+G (U,U' £U) 

compatible iff it satisfies 

(A.34) gu,u = l, 9u»,u>gu>,u = 9u»,u on U n U' n U", W,U',U" £U. 

Remark. The second condition means that the collection (gjj'.u) is a Cech 
1-cocycle. □ 

Recall that a cover U of X is called locally finite iff every point x £ X possesses 
a neighborhood which intersects only finitely many sets in 11. By a refinement of 
the cover U we mean a cover V of X, together with a map V 3 V ^ Uv £ U, such 
that V C Uy, for every V £ V. The first ingredient of the proof of Theorem [99] is 
the following. 

100. Proposition (Smoothening a compatible collection of maps). Let 

9u,u> e w^(u n u', G) (U, u' e U) 



12 By definition, this means the following. Let [/,[f'CI be open subsets, and $ : U X G — > P 
and <&' : U' X G — > P local trivializations. Then the corresponding transition function gjjt jj : 
U fl U' — > G is bounded in W 2 ' p on every compact subset K C [/ n U' . Note here that K may 
intersect the boundary dX. 
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be a compatible collection, and W a neighborhood of the diagonal in G x G. Then 
there exists a locally finite refinement V 9 V H> Uy eW consisting of open precom- 
pact sets, and a compatible collection of smooth maps 

h V y : V n V -> G (V, V G V), 

such that 

(A.35) (h vy ,(x),g UvtUv ,(x)) G W, VV, V G V, a: € V". 

Remark. This result says that there exists a smooth Cech 1-cocycle, which 
is arbitrarily close in the uniform sense to a given Cech 1-cocycle of Sobolev class. 
Condition (|A.35j) may look unconventional, but it is a natural way of stating the 
closeness condition. An alternative would be to introduce a Riemannian metric on 
G and formulate the condition in terms of the induced distance function on G. □ 

PROOF of Proposition llOOl We may assume w.l.o.g. that dX = 0, by con- 
sidering the double A#A. If X is compact then the statement follows from [Isl 
Theorem 2.1], using the fact that W /2 ' p -maps are continuous, since p > n/2. In the 
general case, it follows from an adaption of that proof: We first choose a locally finite 
refinement V 9 V M> Uy G U by precompact sets, and define g' vv , := gu v ,u v , IvnV- 
Then we follow the argument of the proof of [EJ Theorem 2.1], for the cover vE 
This proves Proposition [TUD] □ 

The next lemma will also be used in the proof of Theorem IM1 

101. Lemma. There exists a neighborhood J\f of the diagonal G x G with the 
following property. Let n G N be an integer, p > § a real number, X a smooth 
manifold of dimension n, and U a locally finite cover of X by precompact sets. 
Then there exists a refinement V 9 V H> Uy G U such that the following holds. Let 

gu,v &w 2 ' p (unu',G), hu,u> ew 2 ' p (Unu',G) (U,U' eU) 

be compatible collections of maps satisfying 

{gu,u'(x),hu,u'(x)) G J\f, Vx €UnU', U,U' eU. 
Then there exists a collection of maps ky G W 2 ' P (V. G) (V G V), such that 
(A.36) k v }h v , y k v = g v , y onKfl V. 

PROOF of Lemma 11011 This is a direct consequence of |We[ Lemma 7.2]. □ 

For the proof of Theorem [Ml we also need the following. 

102. Remark. Let U be an open cover of X, and gjj',u (U,U' G U) be a 
compatible collection of maps. We define the set 

P (9u>,j) : = {(U,x,g) | U G U, x e U, g G G}/ ~, 

where the equivalence relation ~ is defined by 

(U,x,g) ~ (U',x',g') ift x = x' eUCiU' and = ggu',u(x). 

If the maps gu',u are smooth, then this set naturally is a smooth G-bundle, and if 
the maps gu'.u ar e of Sobolev class W^ f with kp > n :— dim A, then it naturally 



Note that we can choose the sets in the refinement of V as in that proof to be precompact, 
since the sets in V are precompact. 
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is a G-bundle of class W^ f. In either case, a system of local trivializations is given 

by 

(A.37) Qu-.UxG^P, (<t> u ) x (g):=<S> u (x,g):={U,x : g} : 

where [U,x,g] denotes the equivalence class of (U,x,g). The map gu',u is the 
transition map from $[/ to This means that 

(St/Ox 1 ($t/)x(fl) = 99u>,u{x), Vx e Un U', g e G. 
Let kp > n, and (gu',u) and (hu',u) be compatible collections of maps of class 
W[q' c p . Then the bundles P( 9u , v ) and P(h u , v ) are W^' c p -isomorphic, if there exists 
a collection of maps kjj € W lo f(U, G), satisfying the equation 
(A.38) ku'(x)- 1 hw ! u(x)k u (x) =gu>,u(x), Vx € U n U', VJ7, U' e U. 

Defining $j/ as in (|A.37[) and VPf/ similarly, with gu',u replaced by hu',Ui an iso- 
morphism P( 9u , M ) -t P(h u , u ) is given by 

[U,x,g]^^ u ) x {k u {x){^ u )- 1 {g)). 

(It follows from the compatibility condition (|A.34I) and (IA.38[) that this map is 
well-defined, i.e., the right hand side above does not depend on the choice of the 
representative (U, x, g).) □ 

Proof of Theorem [M] (p. 11101) . We choose a cover U of A, and a system 
of local trivializations <% : U x G ->■ P of class {U eU). For U,U' eU we 

denote by gu'.u '■ U C\U' — > G the corresponding transition map, defined by 

•9u>,u(. x ) : = (*U')xH*u)x, 
where for g E G, -g : G —> G denotes right multiplication. We choose a neigh- 
borhood Af of the diagonal in G x G as in Lemma 11011 and a refinement V and a 
collection of smooth maps hy.v (V, V € V) as in Proposition 11001 Using (|A.35|) . 
we may apply Lemma llOll with U,gu',u,hu',U replaced by V,gu v ,,u v ^V',v, to 
conclude that there exists a refinement W 3 W H> VV € V, and a collection of 
maps k w € W 2 ' P (W, G) (W € W), such that 

*V< V w , ,y w ^ = <?c/v w , ,p Vwr on WnW, VW, W e W. 
Therefore, the statement of Theorem [Ml follows from Remark 11021 □ 

A. 6. Proof of the existence of a right inverse for d* A 

In this section we prove Proposition [69] (Section I3.2.4[) . We need the follow- 
ing results. Let n 6 N, G be a compact Lie group with Lie algebra g, (•, -) B 
an invariant inner product on g, and [X, (-,-)x) a Riemannian manifold (pos- 
sibly with boundary) of dimension n. Recall the definitions (|3. 3913.4013. 41[) of 
ll"l|fe,p,A,^fe iP;J 4(0p),r^ p (gp),r p (0p). If X is compact, p > n/2, and P is a G- 
bundlc over A of Sobolev class W 2 ' p , then we denote by A 1,P (P) the affine space 
of connection one- forms on P of class W 1,p . 

103. Proposition (Uhlenbeck gauge). Let n/2 < p < oo. Assume that A is 
compact and diffeomorphic to the closed ball B\ C R™ . Then there exist constants 
e > and G with the following property. Let P$ and P be G-bundles over X of 
class W 2,p , and Aq, A g A 1,P (P) connections, such that Ao is flat and 

ll^|| P <£. 
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Then there exists an isomorphism of G-bundles $ : Po — > P, of class W 2,p , such 
that 

(A.39) \\$*A-A \\ l!PtAo <C\\F A \\ P . 

The proof of this result is based on the following. 

104. Lemma (Uhlenbeck gauge with trivial connection). Let n/2 < p < oo. 
Assume that X — B\ C M. n , equipped with the standard metric (•, -)o- We denote 
by Po the trivial G-bundle X x G, and by Aq the trivial connection on this bundle. 
Then there exist constants e > and C > 0, such that for every connection 
A e „4 1:P (Po), satisfying ||-Fk||p < £, there exists a gauge transformation g on Po of 
class W 2 ' p , such that 

\\g*A-A \\ 1}PtAoA . t . )o <C\\F A \\ p . 
Proof of Lemma [TU41 This follows e.g. from |We[ Theorem 6.3]. □ 
In the proof of Proposition 11031 we also use the following. 

105. Remark. Let 

and (•, -)' x be a Riemannian metric on X. Assume that X is compact. Then there 
exists a constant C > such that 

C -1 |Hlfc,p,(--}x,A < \\a\\k,p,{-,-y x ,A < C \\ a \\k,p,{;-) X ,A, 

for every G-bundle P over X, of class W e+1 ' p , connection A 6 A e,p (P), integer k £ 
{0, . . .,1 + 1}, and every differential form a on X with values in gp, of class W ,p . 
(Here the degree of a is arbitrary.) This follows from an elementary argument, 
using induction over k. □ 

Proof of Proposition 11031 Consider first the case X — B 1 together with 
the standard metric. We choose constants e, G as in Lemma \l 041 Let Po,P, Aq,A 
be as in the hypothesis. We show that the required isomorphism $ exists. It follows 
from Theorem [99] that we may assume without loss of generality that Po and P 
are smooth. Since X is smoothly retractible to a point, Po and P are smoothly 
isomorphic to the trivial bundle over X. Hence we may assume without loss of 
generality that they are the trivial bundle. Since Aq is flat, it follows from Lemma 
I104l that Ao is W 2 ' p -g&uge equivalent to the trivial connection on X x G. Therefore, 
the statement of Proposition 11031 is a consequence of Lemma 11041 

The situation in which (•, -)x is a general metric, can be reduced to the above 
case, using Remark 11051 This proves Proposition 11031 □ 

The proof of Proposition [55] is based on the following. Recall from (|3.42[) that 

d* A = - * d A * : nl PtA (g P ) -> r p ( 9P ) 

denotes the formal adjoint of the operator d A . If (X, || • \\x) and (Y,\\ ■ ||y) are 
normed vector spaces and T:I->Fa bounded linear map then we denote by 

||T|| :=sup{\\Tx\\ Y \xeX : \\x\\ x < l} 

the operator norm of T. 
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106. Proposition. Let p > n. Assume that X is diffeomorphic to Bi C R™, 
and (X, (•, -)x) can be embedded (as a Riemannian manifold) into M™, together 
with the standard metric. Then there exist constants e > and C > 0, such 
that for every G-bundle P —> X of class W 2 ' p , and every connection A G A 1,P (P) 
satisfying ||-Fa|Ip < s, there exists a right inverse i? of the operator 

(A.40) d* A d A : r^( fl p) -> rP(flp), 

with operator norm ||i?|| bounded above by G. 

For the proof of this result, we need the following three lemmas. 

107. Lemma (Twisted Morrey's inequality). Let p > n. Assume that X is 
diffeomorphic to Si. Then there exist constants G and e > such that for every 
G-bundle P -> X of class W 2 ' p , and A g A lp (P), the following holds. If ||F A || p < e 
then 

(A.41) IHU < C||a||i )P ,A, VaG n| )P)j4 (0 P ), i G {0,...,n}. 

Proof of Lemma 11071 We denote by A the trivial connection on the trivial 
bundle Pq := X x G. 

Claim. There exists a constant C\ > such that the inequality (|A.41|) holds 
with C = C\ and A = A . 

Proof of the claim. This follows from Morrey's theorem, using the hypoth- 
esis p > n. □ 

We choose constants e > and C2 := C as in Proposition 11031 Let P be a 
G-bundle over X, of class W 2 > p , and A G A lp {P), such that ||F A || p < e. By the 
statement of Proposition 11031 there exists an isomorphism $ : Pq — > P of class 
W^ 2 <p, such that 

(A.42) ||$*A-A || 1)P)Ao <G 2 ||Fa|| p . 

Let i G {0, . . . , n} and ae!]' lp ^(flp)- We set 

A':=$M, a' :=<&*«, G 3 := max{|[e,r?]| | G fl : |£| < 1, |t?| < l}, 
where the norm | • | is with respect to (•, -) B . A direct calculation shows that 
(V A ° -V A ')a' = [(A' - A ) ® a'}, 

where [•] Qp <£> Qp —> Qp denotes the map induced by the Lie bracket on g. Using 
the above claim, it follows that 

(A.43) Halloo = Ha'IU < <7i||a / || 1 , p , > i < Cx(\\a'\\x, P ,A> + G 3 ||A' - 4 |UK|| P ). 

The above claim, inequality (IA.42|) . and the assumption ||-Fa|Ip < £ imply the 
estimate \\A' — Ao||oo < GiG2£. Combining this with (|A.43|) . the statement of 
Lemma 11071 follows. □ 

108. Lemma. Let p > n and e > 0. Assume that X is diffeomorphic to B\, 
Then there exists a constant 5 > with the following property. Let P — > X be a 
G-bundle of class W 2 ' p , A , A G A 1 ' P {P), and f G r^(g P ), such that A Q is flat 

(A.44) \\A-Aq\\x*,M<&- 
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Then the following inequalities hold: 

(A.45) || (d* A d A - d* Ao d Ao )t\\ p < eU\\ ltPAo , 

(A.46) Uh, P ,A<{l+e)Uh, v , Ao . 
Proof of Lemma 11081 We have 

(A.47) d* A d A -d* Ao d Ao 

= {d A - d Ao )*(d A -d Ao ) + d* Aa (d A - d Ao ) + (d A - d Aa )*d Ao , 
(A.48) d A -d Ao =[(A-A )A-]. 
It follows that there exists a constant C > such that 

\\(d* A d A -d* Ag d Ao )C\\ P 

< c(\\a - MloUh + \\v Ao ( A - A °)\\ P UWoo + U- A \U\d Ao t\\ P ) , 

for every G-bundle P ->■ X of class W 2 * , A ,A e A hp (P), and ^ e T A P o {g P )H 
Using Lemma 11071 and flatness of Ao , it follows that there exists a constant <5 > 
such that inequality (|A.45|) holds for every P, Ao, A, £ as in the hypothesis. 

Inequality (|A.46[) follows from an analogous argument, involving formulas for 
V A V A - V A °V A ° and V A - V A ° similar to (1A.47|A.48|) . This proves Lemma 

EE □ 

109. Lemma. Let X and Y be Banach spaces, and T ,S : X — > Y and Rq : 
Y — > X bounded linear maps, such that 

1 



T i? = id, ||S||< 



2||i?o|| 

Then there exists a right inverse R of To + S, satisfying ||i?|| < 2||i2o||. 
The proof of this lemma will use the following remark. 

110. Remark. Let A" be a Banach space, and T : X —> X a linear map 
satisfying ||T|| < 1. Then id + T is invertible, and 

IKid + T)"^^. 

This follows from a standard argument, using the Neumann series X)neN n ( — l)T n . 
□ 

Proof of Lemma 11091 By hypothesis, we have 

\\SRo\\ < \\S\\ po|| < \ 
Hence using Remark ll 101 it follows that the map 

R := #o(id + S^Ror 1 : Y -> X 
is well-defined and has the desired properties. This proves Lemma ri09l □ 

Proof of Proposition 11061 (p. 1114]) . 



^The constant C depends on the Lie bracket on g and the metric on X, but not on the 



bundle P. 
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1. Claim. Let 1 < p < oo. There exists a constant C > such that for every 
G-bundle P — > X of class W 2,p , and every flat connection A on P of class W 1,p , 
there exists a right inverse R of the operator (|A.40[) . satisfying ||i?|| < C. 

Proof of Claim [TJ By Theorem[99lwe may assume without loss of generality 
that P is smooth. We choose a smooth flat connection Ao on P. By Proposition 
1 1031 there exists an automorphism $ of P, of class W 2 ' p , such that inequality (IA.39j) 
holds. Since A is flat, it follows that Q*A — Aq, and thus $*A is smooth. Hence 
we may assume w.l.o.g. that A is smooth. 

For an open subset U C R n we denote by C^°(U) the compactly supported 
smooth real valued functions on U. We define the operator T : C^(Bi) — > C°°(Bi) 
as follows. We denote by <£> : R™\{0} — > R the fundamental solution for the Laplace 
equation. It is given by 

-r / s \ <S lo sW' ifn = 2, 

where T denotes the gamma function. (See e.g. [Ev , p. 22.) Let / G C^°(i?i). 
We define / : W 1 —> K to be the extension of / by outside B\ . We denote by * 
convolution in W 1 and define 

ff:= ($*/)k. 

Note that $ is locally integrable, hence the convolution is well-defined. Further- 
more, ff is smooth, and AT/ = fH 

2. Claim. There exists a constant C such that 

\\Tf\\ W 2, P{Bl) < C||/|| iP(Bl) , V/ g CS?(B{). 
Proof of Claim [2j Young's inequality states that 

\\Tf\\ LP (B x ) < WnvmWfWzsm, V/ € C^iB,). 

Furthermore, the Calderon-Zygmund inequality states that there exists a constant 
C such that for every / e C£°(R™) we have ||rj 2 ($*/)|| p < C||/|| P I3 The statement 
of Claim [2] follows from this. □ 

We fix a constant C as in Claim [5J By this claim the map T uniquely extends 
to a bounded linear map 

T : IP{Bx) -> VK 2 ^(B!). 

Since AT/ = /, for every / e Cq°(Bi), a density argument shows that AT/ = /, 
for every / G W 2 ^ P (B 1 ), i.e., T is a right inverse for A : W 2 ' P (B 1 ) -> T p (Bi). 

Let now G be a compact Lie group, (•, -) g an invariant inner product on q = 
LieG, and (X, (-,-)x) a Riemannian manifold as in the hypothesis of Proposition 
11061 Without loss of generality we may assume that X is a submanifold (with 
boundary) of R", and that (-,-)x is the standard metric. Let tt : P — > X be a 
G-bundle, and A G A(P) be a flat connection. We fix a point po G P, and denote 
by a : X — > P the A- horizontal section through po- This is the unique smooth 



The first assertion follows from differentiation under the integral, and for the second see 
e.g. [Ev] Chap. 2, Theorem 1]. 

16 This follows e.g. |MS2I Theorem B.2.7], using (6^$) * / = &,(<t> * /). 
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section of P satisfying Ada = and <r(0) = po- (Such a section exists, since A is 
fiat, and X is diffeomorphic to B\.) For k > we define the map 

* fe : W k '"(B 1 , Q ) -+ T k /(g P ), :=G-(a,0- 

This is an isometric isomorphism. We define R := — ^2T^o 1 . It follows that 

II^Mll^llllTiiiiViiHiril^c. 

A straight-forward calculation shows that 

d* A d A * 2 = * Q d*d = -* A : W^iB^s) -> r" (op). 
It follows that R is a right inverse for d A d A . This proves Claim [TJ □ 

We choose constants C\ := C as in Claim [IJ (5 as in Lemma [108[ corresponding 
to e = min |l/(2Ci), l}, (£1,6*2) := (e,C) as in Proposition 11031 and (£2,6*3) := 
(£, C) as in Lemma 11071 We define 

■ / 6 

£ := mm < — ,£i,£ 2 

Let P -> X be a G-bundle of class W 2 ' p , and A € A 1,P (P), such that < £• 

The statement of Proposition 11061 is a consequence of the following claim. 

3. Claim. There exists a right inverse R of d A d A , satisfying \\R\\ < AC\. 

Proof of Claim\3[ We choose a flat connection Aq on P of class Since 
|| Fa ||p < £ < £1, by the statement of Proposition 11031 with Pq = P there exists an 
automorphism $ of P of class W 2:P , such that 

(A.49) \\^A-A \\ lpIo <C 2 \\F A \\ p . 

We define Ao :— Q*Ao. By the statement of Claim [T] there exists a right inverse Rq 
of the operator 

d Ao d Ao :T 2 / o (3p)^TP( 9P ), 

satisfying ||i?o||A Q < C\, where || • \\ Ao denotes the operator- norm The assump- 
tion \\F A \\ P < £ < 5/C 2 and (|A.49|) imply that the condition (|A.44j) is satisfied. 
Therefore, by (|A.45| with "e"= l/(2C*i), we have 

H^yl - d *A d A \\ Ao < 2^-. 

Therefore, applying Lemma 11091 there exists a right inverse i? of the operator 

d\d A : r^( p) r*(0p), 

satisfying ||-R||ao — 2Ci. Combining this with inequality (|A.46I) (with "£"= 1), 
it follows that \\R\\a < 4Ci. This proves Claim [3] and completes the proof of 
Proposition [TUni □ 

In the proof of Proposition [69] we will also use the following lemma. 



^It follows from an argument involving Theorem 1991 that such a connection exists 
18 Here w 
connection Aq 



18 Here we use the subscript "Aq" to indicate that the definition of this norm involves the 
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111. Lemma. Let n e N, p G [1, oo], and / £ L P (B™). Then the function 

B" 3 x / f(t,x 2 , . . .,x n )dt 
Jo 

lies in L p . 

Proof of Lemma fllll Consider first the case p = 1 and n = 1, and let 
/ € L 1 ((0, 1)). Defining x(t> x ) := 1 if t < a;, and 0, otherwise, Fubini's theorem 
implies that 

/ \f(t)\dtdx= { X {t,x)\f(t)\dtdx= I (l-i)|/(t)|dt<oo. 

J J[0,l]x[0,l] Jo 

The statement of the lemma in the case p = 1 and n = 1 follows. For p — 1 and a 
general n the proof is similar. 

For a general exponent p, Holder's inequality implies that 



f(t,X2, ■ ■ ■ ,X n )dt 



<N P -M \f(t,X 2 ,..., Xn )\ P dt 



Hence in general, the statement of the lemma follows from what we have already 
proved, by considering the function \f\ p . □ 

We are now ready to prove that d* A admits a right inverse: 

Proof of Proposition [Ml (p. USD- We prove statement (0). 

Let n, G, (•, -) B ,p, X, (•, -)x, P, A be as in the hypothesis. We show that the operator 
d* A admits a bounded right inverse. By Theorem [99l we may assume w.l.o.g. that P 
is smooth. Since by assumption, X is diffeomorphic to B%, we may assume without 
loss of generality that X = B\. The Hodge ^-operator induces an isomorphism 
between ^ l ktPtA ^.,.) x {Qp) and &l~p] A t.,.) x {$p)- Using the equality d* A = - *d A *, it 
follows that the operator 

admits a bounded right inverse, if and only if the operator 

does so. Since X = B\ is compact, using Remark ll05[ it follows that the condition 
that d* A admits a bounded right inverse, is independent of the metric (•, -)x- Hence 
we may assume without loss of generality that {-,-)x is the standard metric on 
Si c w\ 

1. Claim. There exists a bounded linear map 

(A.50) t : r^(gp) ni )PiA ( flP ), 

such that d* A T = id. 

Proof of Claim [TJ We define fi C R x P to be the subset consisting of all 
(t,p) such that 

(A.51) \t + xi\ 2 +x 2 2 ^ h£C^<l, 



A. 6. PROOF OF THE EXISTENCE OF A RIGHT INVERSE FOR d' A 



119 



where x := 7r(p) G B\. Furthermore, we denote by \& : fi — > P the A-parallel 
transport in xi-direction. Let (io,Po) G fi. We denote xq :— tt(po) G Pi- Then 
#(i ,po) = p(*o)j where 

p : {t G K | (t, x a ) satisfies (|A5lj) } -> P 
is the unique path satisfying 

(A.52) prop(t)=a; + (t,0,...0), Ap = 0, p(0) = p E] 

Let £ G r 1 ' p (gp). We define £ : P — > g by the condition [p, £(p)] = £ ° 7r(p), for 
p G P, and 

(A.53) ??:P^0, rj(p)~ [ I ° *(t,p)dt G 0, 

«/ — ki 

where (xi, . . . , i„) := 7r(p). Furthermore, we define the section 77 : B\ — > gp by the 
condition 77 o 7r(p) = [p, ?7(p)], for every p G P, and 

T£ := -77 da; 1 . 

This defines the operator (|A.50|) . Claim [1] is a consequence of the following. 

2. Claim. The section rj lies in r^{ p (gp) and satisfies 
(A.54) d^Tjdx 1 ) = 

Proof of Claim® The section is of class L°°, since £ is of this class, by Morrey's 
embedding theorem. We denote by ei, . . . , e n the standard basis of R n . We show 
that 

(A.55) cUr?ei=£. 

Let x G M™. We fix a point po in the fiber of P over (0, X2, ■ ■ ■ ,x n ), and define 
the path p(t) := + Xi,po)- Using the equality \&(s,p(i)) = \I/(s + i + Xi,po), it 
follows from (|A.53[) that 

/0 rxt+t ____ 

£o*(s + < + xi,p )ds= / £0 *(s,po)c?s. 

It follows that 

d A iftp(0))p(0) = I 

and therefore, dAt]{ x ) e i = CC*)- This proves (| A.55|) . It follows that dAV e i ' 1S of 
class IF 1 ^. 

Let now i G {2, . . . ,n}. We show that \d A rjei\ G LP{B[ 1 ). Wc fix as G R " and 
choose a smooth path t h-> p(i), such that 7r op(t) = a; + te%. Using (|A.53[) with 
p = p(i) and differentiating under the integral, we obtain 

«p(0))p(0) = / d A t(9{*,P(0))) d 



W))=f(p(0)), 



eft 



*(s,p(t))rfs[ 

t=0 



^In some smooth trivialization of the bundle P the conditions I)A.52J | correspond to the 
ordinary differential equation g = — g§ with initial condition g(0) = 1, for a path t i-> <?(t) S G. 
Here corresponds to the first component of A at pit). This equation is of the form g(t) = 
f(t, g(t)), where / is continuous in t and Lipschitz continuous in g. (Here we use that A is of class 
W 1,p with p > 2.) Therefore, by the Picard-Lindelof theorem, there exists a unique solution of 
the initial value problem, and thus of < l A. 52 b ■ 

2 ^Here we used that the lower limit of the integral expressing rj o p(t) is —x\, for every t. 
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Since 7r*p(0) = a and ir o ty(s,p(t)) = x + se\ + ta, it follows that 
\d A ri(x)ei\< \ \d A £(x + sei)ei\ds. 

J —X\ 

By Lemma [1111 with / := |cZ^e,-|, using the assumption £ g T a j) (qp), it follows 
that \d A -qei\ G L P (B™). Therefore, rj lies in J)} A (j P ). To prove equality (|A.54I) . 
observe that 

d^irjdx 1 ) = - * d A (rjdx 2 A ... A di n ) = - * (£ da; 1 A ... A di n ) = 

where in the second step we used (|A.55|) . This proves Claim [5] and hence Claim [1] 

□ 

We choose a map T as in Claim [TJ and a flat connection Aq e -4(P). By 
Proposition 11061 there exists a bounded right inverse Rq of 

d* Ao d Ao :T%(Q P )^ri>( QP ). 

Statement (0) is now a consequence of the following. 

3. Claim. The operator 

R := d A R + T(id - g^a^o) : £ p (0p) -> ^i, p ,a(0p) 

is well-defined and bounded, and d* A R = id. 

Proof of Claim [5J A short calculation shows that S := d* A d A — d* Ao d Ao is 
of first or zeroth order. Hence it is bounded as a map from T A p (gp) to r^ p (gp). 
Furthermore, the equality 

id — d A d A Rg = — SRq 

holds on smooth sections of gp. This implies that R is well-defined and bounded. 
A short calculation shows that d* A R = id. This proves Claim [3J and completes the 
proof of (0). □ 

To prove statement ([II]), we choose constants e and G as in Proposition 11061 
Let P -> X be a G-bundle of class PF 2 < P , and A e .A 1,P (P), such that < e. 

By the statement of Proposition 11061 there exists a right inverse R of the operator 
d* A d A : T 2 /(g P ) TP(g P ), satisfying ||i?|| < G. The operator d A R is a right 
inverse for d A , satisfying ||c£yi-R|| < \\d A \\ \\R\\ < C. Here in the last inequality we 
used the fact ||eU|| < 1, where 

d A : T 2 /(g P ) -> fii^Cflp). 

This proves (JTTJ) , and completes the proof of Proposition 1691 □ 

A. 7. Further auxiliary results 

The next two results were used in the proofs of Proposition [35J (Section 12. 5[) 
and Theorem [75J (Appendix IA.1[) . 

112. Theorem (Uhlenbeck compactness). Let n € N, G be a compact Lie 
group, X a compact smooth Riemannian n-manifold (possibly with boundary), P 
a smooth G-bundle over X, p > n/2 a number, and A v a sequence of connections 
on P of class W 1,p . Assume that 

supH-FaJI^po < oo. 
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Then passing to some subsequence there exist gauge transformations g v of class 
W 2 ' p , such that g* v A v converges weakly in 

Proof of Theorem 11121 This is |We| Theorem A]. See also |Uh| Theorem 
1.5]. □ 

113. Proposition (Compactness for dj). Let M be a manifold without bound- 
ary, k € N, p > 2 numbers, J an almost complex structure on M of class C k , 
Qi C 2 ^ . . . C C open subsets, and u v : f2„ — > M a sequence of functions of 
class W}j®. Assume that dju v is of class W, for every v, and that for every open 
subset f2 C \J v fl v with compact closure the following holds. If v$ £ N is so large 
that fi C fi„ then 

(A.56) 3K C M compact: u^fi) C if , VV > i> , 

(A.57) sup^^ \\du v \\ LP(n) < oo, 

(A.58) sup„>,, ||9ju v ||w*.i'(n) < °°- 

Then there exists a subsequence of it„ that converges weakly in W k+1 ' p and in C k 
on every compact subset of [J^ f2„. 

Proof of Proposition 11131 The proof goes along the lines of the proof of 
[MS21 Proposition B.4.2]. □ 

The next lemma was used in the proofs of Propositions l38l ( Section l2.5p and 1771 
(Appendix IA.1|1 , and of Theorem [3] 

114. Lemma (Regularity of the gauge transformation). Let X be a smooth 
manifold, G a compact Lie group, P a G-bundle over X, k E No, and p > dim A. 
Then the following assertions hold. 

(i) Let g be a gauge transformation of class and A a connection on P of 
class C k , such that g* A is of class C k . Then g is of class C k+1 . 

(ii) Assume that X is compact (possibly with boundary). Let U be a subset of 
the space of W ,p - connections on P that is bounded in W k ' p . Then there 
exists a M /fc+1,p -bounded subset V of the set of W k+1:P -g&uge transformations 
on P. such that the following holds. Let A g U and g be a W 1,p -gauge 
transformation, such that g*A £ U. Then g £ V. 

Proof of Lemma 11141 This follows by induction over k, using the equality 
dg = g[g* A) — Ag and Morrey's inequality (for (jn])). (For details see jWe|, Lemma 
A.8].) □ 

The next proposition was used in the proof of Proposition [40] (Quantization of 
energy loss) in Section 12.51 

115. Proposition. Let n e N, G be a compact Lie group, P a G-bundle over 
E™, and A, A' smooth flat connections on P. Then there exists a smooth gauge 
transformation g such that A' — g* A. 

Proof of Proposition 11151 E3 In the case n = 1 such a g exists, since then 
the condition A' — g* A can be viewed as an ordinary differential equation for g. 
Let neN and assume by induction that we have already proved the statement for 
n. Let P be a G-bundle over M" +1 , and A, A 1 smooth flat connections on P. We 



21 In the case n = 2, see also IFrll Corollary 3.7]. 
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define i : M™ — > M. n+1 by l(x) := (x, 0). By the induction hypothesis there exists a 
smooth gauge transformation go on i*P — > W\ such that 

(A.59) gli* A = l* A' . 

Since P is trivializable, there exists a smooth gauge transformation go on P such 
that L*go = go- 

Let x £ K™. We define : K -» M n+1 by ^(t) := (x,t). There exists a unique 
smooth gauge transformation h x on l*P — ► K, such that 

(A.60) Kb%g^A = i* x A', h x {p) = 1, Vp e fiber of t*P over Oet. 

To see this, note that these conditions can be viewed as an ordinary differential 
equation for h x with prescribed initial value. Since this solution depends smoothly 
on x, there exists a unique smooth gauge transformation h on P such that i*h = h x , 
for every x £ W l . The gauge transformation g := Ijoh on P satisfies the equation 
A' = g*A. This follows from (|A.59IA.60p and flatness of A and A'. This proves 
Proposition II 151 □ 

The next result was used in the proofs of Proposition [351 Remark 021 (Section 
12. 5|) , and Theorem[3] Let M,lj, G,g, (■, -} , /x, J, S, ui-s, j be as in Chapter[TJ Wc 
define the almost complex structure J on M as in (|2.1[) . The energy density of a 
map / £ W 1,P (E, M) is given by 

e/(*) --=l\df\ 2 , 

where the norm is with respect to the metrics Lu^(-,j-) on S and &(■,!■) on M. 
Let P be a smooth G-bundle over E, 4 a connection on P, and u : P — > M an 
equivariant map. We define 

e%u ■= 2\ d Au\ 2 , 

where the norm is taken with respect to the metrics u!s(-,j-) on S and ui(-, J-) on 
M. Furthermore, we define 



u : S -» M, u(^) := Gu(p), 
where p G P is an arbitrary point in the fiber over z. 

116. Proposition (Pseudo-holomorphic curves in the symplectic quotient). 
Let P be a smooth G-bundle over S, p > 2, A a W^f-connection on P, and 
it : P — > M a G-equivariant map of class VF lo '^, such that /io« = 0. Then we have 



If also solves the equation dj t A(u) — then 

dju = 0. 

Proof of Proposition 11161 This follows from an elementary argument. For 
the second part see also |Ga( Section 1.5]. □ 

In the proof of Theorem [3] we used the following lemma. 

117. Lemma (Bound for tree). Let k £ No be a number, (T,E) a finite tree, 
a% , . . . , oik £ T vertices, / : T — ¥ [0, oo) a function, and Eq > a number. Assume 
that for every vertex a £ T we have 

(A.61) f{a)>E or € T | aEp) + #{i £ {1, . . . , k} | ou = a} > 3. 
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Then 

#T < Z " ae ™ ' + k. 
Eq 

Proof of Lemma fl 171 This follows from an elementary argument l 2 ^ □ 

The next result was used in the proof of Proposition (Section 12.61) . Let 
(X, d) be a metric spac^3, G a topological group, and />:GxX-}Ia continuous 
action by isometries. By n : X — > X/G we denote the canonical projection. The 
topology on X, determined by d, induces a topology on the quotient X/G. 

118. Lemma (Induced metric on the quotient). Assume that G is compact. 
Then the map d : X/G x X/G ->■ [0, oo] defined by 

d{x,y) :— min d{x,y) 

is a metric on X/G that induces the quotient topology on X/G. 

Proof of Lemma [1181 This follows from an elementary argument. □ 
The following two lemmas were used in the proof of Proposition |48] (Section 



119. Lemma. Let X be a topological space, x £ X, and x v £ X be a sequence. 
Then x v converges to x, as v — > oo, if and only if for every subsequence (^i)igN 
there exists a further subsequence (ij)j^jq, such that x Vi . converges to x, as j — > oo. 

Proof of Lemma [1191 This follows from an elementary argument. □ 

Let X be a topological space and G a group. We fix an action of G on X. 

120. Lemma (Convergence in the quotient). Assume that X is first-countable 
and that the action of every g £ G is a continuous self-map of X . Let y v £ X/G, 
v £ N, be a sequence that converges to a point y £ X/G, and x be a representative 
of y. Then there exists a representative x v of y v , for each v £ N, such that x v 
converges to x. 

Proof of Lemma T1201 This follows from an elementary argument. □ 

The connection \7 A . Next we explain the twisted connection V" 4 , which ap- 
peared in the definition of the space , occurring in Theorem [4] Let E —> M 
be a real (smooth) vector bundle. We denote by C(E) the affine space of (smooth 
linear) connections on E. Let W E £ C(E). Let N be a smooth manifold, and 
u : N — > M be a smooth map. We denote by u*E — > N the pullback bundle. The 
pullback connection u*W E £ C(u*E) is uniquely determined by the equality 

(u*V E ) v {s ou) = V£„s, yv £ TN, s £ T(E). 

Let G be a Lie group, tt : P — > X a (right-)G-bundle, and £->Pa G-equivariant 
vector bundle. Then the quotient E/G has a natural structure of a vector bundle 
over X. Assume that G acts on a manifold M , and let E — > M be a G-equivariant 
vector bundle. We denote by C G (E) the space of G-invariant connections on E. 
We fix A £ A{P), V s £ C G {E), and u £ Gg D (P, M). We define 

(A.62) V A £C G {u*E), V§s:= (u*V E h_ p(A ^s, 



22 See e.g. |MS2I Exercise 5.1.2.]. 
is allowed to attain the value oo. 
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for s £ T(u*E), p £ P, and v £ T P P. We denote by E u the quotient bundle 
(u*E)/G -> X. We define the connection V A £ C(E U ) by 

(A.63) V A s:=G-(p ,V A s), 

for s £ T(E U ) and v £ TX, where (po,v) £ TP is an arbitrary vector such that 
7r*w = v, and s £ T(u*E) is the G-invariant section defined by so7r(p) = G- (p, 
for every p £ P. This definition is independent of the choice of (po,^), since the 
connection \7 A is basic (i.e., G-invariant and horizontal). 

The following lemma was mentioned in Chapter [TJ Let M, uj, G, q, (■, -) fl , /i, J 
be as in that Chapter. Let p > 2, A € K, and P — > C be a G-bundle of class W, 'f 1 . 
Recall the definition (fTT24l) of B^(P). We denote by 0f o f (P) the group of gauge 
transformations on P of class W^. 

121. Lemma. If A > 1 — 2/p then the group Q^(P) acts freely on the set 
Bl(P). 

Proof of Lemma [T2T1 Assume that A > 1 - 2/p. Let w := (A,u) £ B P X (P) 
and g £ Q^(P) be such that g*w = w. Let pi e P. We show that <7(pi) = 1. 
It follows from hypothesis (H) that there exists S > such that n~ 1 (Bg) C M* 
(defined as in (I2.14[) ). Furthermore, LemmalMlf Appendix lA.3f implies that u(po) £ 
H~ 1 (Bs), for every p$ £ P, for which 1 7r (po ) I is large enough. We fix such a point 
Pq. Our hypothesis p > 2 implies that P is a G^bundle. Hence we may choose 
a path p £ G 1 ([0, 1],P) such that p{i) — pi, for i = 0,1. Consider the map 
h := gop : [0, 1] — > G. By assumption, we have g*u = g ou — u. Since u(po) £ M*, 
it follows that h(0) = 1. Furthermore, the assumption g*A = A implies that h 
solves the ordinary differential equation 

(A.64) h = hAp - (Ap)h. 

The hypothesis p > 2 implies that the map Ap : [0, 1] — > g is continuous. Hence 
the equation (|A.64[) is of the form h{t) = f(t,h(t)), where / is continuous in t 
and Lipschitz continuous in h. Therefore, by the Picard-Lindclof theorem, we have 
h = 1. In particular, we have g{pi) = h{\) = 1. It follows that g = 1. This proves 
Lemma [12T1 □ 

The next lemma was used in the proof of Theorem |4] (Section I3.2.1|) . Here for 
a linear map D : X — > Y we denote cokerP/ := Y/imD. 

122. Lemma. Let X, Y, Z be vector spaces and D' : X — > Y and T : X — >• Z 
be linear maps. We define D := P/|korT- Then the following holds. 

(i) kerP = ker(P',T). 

(ii) The map $ : cokerP -> coker(P',T), $(y + imP) := (y,0) +im(P',T), is 
well-defined and injective. If T : X —> Z is surjective then $ is also surjective. 

(iii) Let || • \\y, \\ • \\z be norms on Y and Z and assume that im(P',T) is closed 
in Y © Z. Then imP is closed in Y, 

The proof of Lemma fl 221 is straight-forward and left to the reader. 

The following result was used in the proof of Proposition [66] in Section 13.2.31 
We define the map f : C\ {0} — > S 1 by f(z) :— z/\z\. For two topological spaces 
X and Y we denote by C(X, Y) the set of all continuous maps from X to Y, 
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and by [X, Y] the set of all (free) homotopy classes of such maps. Let V be a 
finite dimensional complex vector space. We denote by End(V) the space of its 
(complex) endomorphisms of V, by det : End(V) — > C the determinant map, and 
by Aut(V) C End(V) the group of automorphisms of V. 

123. Lemma. The map C(5 1 , Aut(F)) -> Z given by $ ^ deg (/ o dcto$) 
descends to a bijection [S 1 , Aut(V)] — > Z. 

PROOF of Lemma 11231 We choose a hermitian inner product V and denote 
by U (V) the corresponding group of unitary automorphisms of V. The map 
det : U(V) — > S 1 induces an isomorphism of fundamental groups, see e.g. [MSI, 
Proposition 2.23]. Furthermore, the space Aut(F) strongly deformation retracts 
onto Let $ € Aut(V). It follows that the map 

{$ G C(S\ Aut(V)) | $(1) = $ } -> Z, $ ^ deg(/odeto$) 

descends to an isomorphism between the fundamental group 7Ti(Aut(V), <£>o) and 
Z. Since this group is abelian, the map 

7ri(Aut(V),$ Q ) [S\Aut(V0] 

that forgets the base point $07 is a bijection. The statement of Lemma [123] follows 
from this. □ 

The next lemma was used in the proof of Theorem [64] (Section I3.2.4[) . Let X 
and M be manifolds, G a Lie group with Lie algebra g, (•, -) B an invariant inner 
product on g, (•, -)m a G-invariant Riemannian metric on M, and V its Levi-Civita 
connection. For £ G g we denote by X^ the vector field on M generated by £. We 
define the tensor p : TM © TM Q by 

(A.65) (Z,p(v,v')) g := (V„^,«')m. 

A short calculation shows that p is skew-symmetric. This two-form was introduced 
in [Gal p. 181]. The next lemma corresponds to [Gal Proposition 7.1.3(a,b)]. Let 
P ->• X be a G-bundle, ^ G A(P), u G C°°(X,(P x M)/G), t> G r(TM"), and 
6 G T(gp). We define the connection V A on TM U I as on page 11231 

124. Lemma. V a L u £ - L u d A £, = W dAU X^ d A L* u v - L* u W A v = p(d A u, v). 

PROOF of Lemma 11241 This follows from short calculations. □ 

Let M, lj, G, g, (■, -) fl , p, and J be as in Chapter Q] and (•, •) m '■= </■). The 
following remark was used in the proofs of Theorems [31 (Section I3.2.1[) and [Ml 
(Section [333). Recall the definition (pT4l) of M* C M, and that Pr : TM -> TM 
denotes the orthogonal projection onto imL. 



:=inf 



.t G if , ^ i G 



125. Remark. Let K C M* be compact. We define 

Igxgj 

Then c > 0. Let x £ K. Then i*L K is invertible, and 

(A.66) \{L* X L X )- X \ < c- 2 , (^(L*^)" 1 ! <c-\ L X {L* X L X )'~ X L* X = Pr x , 

where the | • |'s denote operator norms. Furthermore, | Pr^ v\ < c~ 1 \L*v\, for every 
v E T X M . These assertions follow from short calculations. □ 



21 



This follows from the Gram-Schmidt orthonormalization procedure. 
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Assume that hypothesis (H) holds. The following lemma was used in the proof 
of Proposition [67] in Section [3X3 For x € M we denote by L% : g c -> T X M the 
complex linear extension of the infinitesimal action. 

126. Lemma. There exists a neighborhood U C M of /i _1 (0), such that 
(A.67) c := inf {|d/i(a;)l£a| + | Pr L^a\ | x e f/, a e fl C : |a| = 1} > 0. 

Proof of Lemma 11261 It follows from hypothesis (H) that there exists So > 
such that n~ 1 (B Sa ) C M*. We define 

C:=sup{|K,»7]||e,»7efl: |£| < 1, M < l}, 



c := inf 



Ml 



are A* 1 ^ £ e fl 



Since the action of G on M* is free, it follows that L x : g — > T^M is injective, for 
.x e A/*. Furthermore, by hypothesis (H) the set fj, (Bs ) is compact. It follows 
that Co > 0. We choose a positive number S < min{(5 , Cq/C, Cq/C}, and we define 
U := fi-\B s ). 

Claim. Inequality (|A.67|) holds. 

Proof of the claim. Let x £ U and a = £ + z?? e g c . Then 

(A.68) d[i{x)L^a = \n(x),Z] + L* x L x rj. 

Using the last assertion in (|A.66|) . we have 

(A.69) Pr x L^a = L x £, - L^LlL^^x)^]. 

By the first assertion in (|A.66[) . we have \L*L x r]\ > Cq\t)\. Combining this with 
(IA.68IA.69[) and the second assertion in (|A.66I) . we obtain 

\dp{x)I%a\ + | PrL^a\ > -C8\Z\ + c 2 \tj\ + co\£\ - c^ x CS\rj\. 

Inequality ([A. 671) follows now from our choice of S. This proves the claim and 
completes the proof of Lemma 11261 □ 
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